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HORIZONTAL VARIATION OF TATE–SHAFAREVICH GROUPS
ASHAY A. BURUNGALE, HARUZO HIDA, AND YE TIAN
Abstract. Let E be an elliptic curve over Q. Let p be an odd prime and ι : Q →֒ Cp an embedding.
Let K be an imaginary quadratic field and HK the corresponding Hilbert class field. For a class
group character χ ∈ ĈlK , let Q(χ) be the field generated by Im(χ) and pχ the prime of Q(χ) above
p determined via ιp. Under mild hypotheses, we show that the number of χ ∈ ĈlK such that the χ-
isotypic Tate–Shafarevich group X(E/HK)
χ is finite with trivial pχ-part increases with the absolute
value of the discriminant of K.
We also show an analogous result simultaneously forX(E/HK)
χ and the analytic Sha of a GL2-type
abelian variety over Q. Here analytic Sha refers to the order of the conjecturally finite Tate–Shafarevich
group as predicted by the Birch–Swinnerton-Dyer conjecture.
The approach is based on the arithmetic of automorphic forms on a quaternion algebra along with
Euler system of toric periods and Heegner points. An underlying role is played by Michel’s Equidistri-
bution of special points on a Shimura set arising from a definite quaternion algebra and Zariski density
of special points on a Shimura curve arising from an indefinite quaternion algebra.
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1. Introduction
Tate–Shafarevich group is a mysterious arithmetic invariant associated to a motiveM over a number
field F . It measures the failure of local to global principle forM and is conjectured to be finite. In view
of the Bloch–Kato conjecture, the conjectural finite size is expected to be closely related to a special
value or a derivative of the L-function associated toM. As the motive varies in a well-controlled family,
variation of the Tate–Shafarevich group in the family seems to be a fundamental question.
An instructive setup arises from twists of M by Hecke characters over K for a finite extension K/F .
Families arise in numerous ways. For example, we may fix K and consider Hecke characters with fixed
infinity type but allow the conductor to grow. This is usually referred as an Iwasawa or a vertical
variation and it continues to be investigated in various situations. On the other hand, we may vary K
with fixed degree and consider Hecke characters with fixed infinity type and bounded conductor. We
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may refer this as a horizontal variation and it seems to be investigated in only few situations. In any of
these families, we can ask for variation of the p-part of the Tate–Shafarevich group with p a fixed prime.
For a fixed GL2-type abelian variety over the rationals and a prime p, we hope to initiate the study of
horizontal variation of the p-part of Tate-Shafarevich groups. In this article, we consider the GL2-case
for a specific horizontal family. The family arises from the twists of the abelian variety by ideal class
characters over imaginary quadratic fields.
Let us begin with a brief discussion of the GL1-case regarding ideal class groups. We first recall
some history. Kummer defined p to be a regular prime if p ∤ |Cl(Q(ζp))| for the class group Cl(Q(ζp))
of the pth-cyclotomic field Q(ζp). Kummer showed that p is an irregular prime if and only if p divides
the numerator of the Bernoulli number Bk for some even integer k with 2 ≤ k ≤ p − 3. After several
decades, Herbrand and Ribet showed a refined version incorporating Gal(Q(ζp)/Q)-action on the class
group Cl(Q(ζp)). They showed that the ω
1−k
p -isotypic class group Cl(Q(ζp))
ω1−kp has non-trivial p-part
if and only if p divides the numerator of the Bernoulli number Bk. Here ωp denotes the Teichmuller
character. As p ∤ |Gal(Q(ζp)/Q)|, the action of Gal(Q(ζp)/Q) on Cl(Q(ζp)) is semi-simple. In these
results, the Bernoulli number Bk can be replaced with the special zeta-value ζ(1 − k).
We introduce some notation to state the results. Let G be an abelian group and Ĝ the group of
Q
×
-valued characters of G. For χ ∈ Ĝ, let Z[χ] be the ring generated over Z by the image of χ and
Q(χ) its fraction field. For any Z[G]-module M , let Mχ denote the χ-isotypic part of M ⊗Z Z[χ]. Fix
embeddings ι∞ : Q →֒ C, ιp : Q →֒ Cp and an isomorphism ι : C→ Cp such that ιp = ι ◦ ι∞. Let vp be
the valuation on Cp with vp(p) = 1. For χ ∈ Ĝ, let pχ be the prime ideal of Q(χ) determined by ιp.
We now introduce an analogue of Kummer’s notion of regularity for Dirichlet characters. Let χ be a
Q
×
-valued Dirichlet character. Let Qχ be the field cut out by χ and Cl(Qχ) its ideal class group with
the action of Gal(Qχ/Q). Suppose that p ∤ [Qχ : Q]. Following Kummer, we say that
χ is a p-regular Dirichlet character if the χ-isotypic class group Cl(Qχ)
χ has trivial pχ-part.
By Mazur–Wiles ([31]) and Wiles ([51]), it is equivalent to the Dirichlet L-value L(0, χ−1) being pχ-
indivisible or equivalently to the p-indivisibility of the Bernoulli number B1,χ−1 . Recently, Burungale–
Sun obtained results towards the number of p-regular Dirichlet characters ([11]). We refer to [11, §1] for
their main results. In the Iwasawa setup, the results go back to Washington ([49]) and Sinnott ([42]).
We now turn to GL2-type abelian varieties over the rationals. In the introduction, we restrict to
elliptic curves for simplicity.
Let K be an imaginary quadratic field and DK the discriminant. Let KA be the ring of adeles. Let
GK denote the absolute Galois group over K. Let ClK be the ideal class group of K and hK the ideal
class number. Let HK be the Hilbert class field of K.
Let E be an elliptic curve over Q. There is a natural action of ClK on the Tate–Shafarevich group
X(E/HK) via Artin’s reciprocity isomorphism Gal(HK/K) ≃ ClK . A basic question is the following.
(Q) For a prime p, how does the Z[ClK ]-module X(E/HK)[p
∞] vary as K-varies over imaginary
quadratic fields?
A fundamental conjecture of Tate asserts that X(E/L) is finite for a number field L. We are not aware
of any conjecture regarding the distribution of the above horizontal variation on X. The horizontal
variation seems to be complementary to the variation considered in Delaunay ([16]) and Bhargava–
Kane–Lenstra–Poonen–Rains ([5]). The question is closely related to the variation of the Z[χ]-module
X(E/HK)
χ[p∞] as the pair (K,χ)-varies with χ ∈ ĈlK .
Recall that pχ ⊂ Z[χ] denotes the prime above p of Q(χ) determined via the embedding ιp. We
consider the horizontal variation of the pχ-primary part of X(E/HK)
χ in this article. This seems to be
a slightly approachable question than the original (Q).
One of our main results is the following.
Theorem 1.1. Let E be a non-CM elliptic curve over Q. Then, there exists an explicit finite subset ΣE
of primes only dependent on E, such that for any fixed prime p /∈ ΣE and ǫ > 0 we have
#
{
χ ∈ ĈlK
∣∣∣∣ X(E/HK)χ is finite with trivial pχ-part}≫ǫ (ln |DK |)1−ǫ.
Here K varies over imaginary quadratic fields such that
(i) p ∤ hK , and
(ii) either p splits in K or the root number ǫ(E,χ0) of the Rankin–Selberg convolution L(s, E, χ0)
equals +1 for some χ0 ∈ ĈlK .
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Remark 1.2. (1). Under mild hypothesis, a precise description of the exceptional set ΣE is given in
Theorem 1.5.
(2). Cohen-Lenstra heuristics predicts that the imaginary quadratic fields satisfying the hypotheses
in the theorem have positive density. It is known that there exist infinitely many imaginary quadratic
fields K satisfying the hypotheses ([7] and [51]). For a recent quantitative refinement of these results,
we refer to [1].
As for the horizontal variation, we may ask the same question for analytic Sha. Recall that the BSD
conjecture predicts the size for the conjecturally finite Tate–Shafarevich groups in terms of the behaviour
of L-function around the center and arithmetic invariants of the underlying abelian variety. We refer to
this quantity as analytic Sha. In this setup, relevant abelian variety turns out to be the following. For
χ ∈ ĈlK , let Eχ = EK ⊗Z Z[χ] denote the Serre tensor where the absolute Galois group GK acts on Z[χ]
via χ ([30]). Then Eχ is an abelian variety over K with the following properties:
X(Eχ/K)⊗Z Z[h
−1
K ]
∼= X(E/HK)
χ ⊗Z Z[h
−1
K ], L(s, Eχ) = L(s, E, χ) ∈ C⊗Q Q(χ).
Let L(Eχ) be the analytic Sha of Eχ (part (2) of Conjecture 2.11), which is conjectured to be a non-zero
integral ideal of Q(χ) as predicted by the BSD conjecture for the abelian variety Eχ over K.
Definition 1.3. A character χ ∈ ĈlK is said to be p-regular for E if the following conditions hold.
• rankZ[χ]Eχ(K) = ords=1L(s, Eχ/K), and
• Let pχ|p be the prime ideal of Z[χ] induced via the fixed embedding ιp, then
(a) X(Eχ) is finite with trivial pχ-part, and
(b) L(Eχ) has trivial pχ-part.
In particular, for a p-minimal χ ∈ ĈlK , the p-part of the full BSD conjecture holds for Eχ.
Our result regarding p-minimality is the following.
Theorem 1.4. Let E be a non-CM elliptic curve over Q. Then, there exists an explicit finite subset ΣE
of primes only dependent on E, such that for any prime p /∈ ΣE and ǫ > 0 we have
#
{
χ ∈ ĈlK
∣∣∣∣ χ is p-regular for E }≫ǫ (ln |DK |)1−ǫ.
Here K varies over imaginary quadratic fields satisfying
(i) p ∤ hK , and
(ii) either p splits in K or the root number ǫ(E,χ0) of the Rankin–Selberg convolution L(s, E, χ0)
equals +1 for some χ0 ∈ ĈlK .
Note that the above theorem is stronger than Theorem 1.1 in appearance.
The set ΣE is intrinsically related to the arithmetic of E. More precisely, it encodes the Tamagawa
numbers of E, Galois image of the p-adic Galois representation ρE,p and the local Galois representations
arising from ρE,p at primes dividing the conductor N of E. For ℓ|N , let cℓ be the Tamagawa number of
E at ℓ. Let dℓ ≥ 1 be the greatest common divisor of [Mℓ : Qℓ] for all extensions Mℓ/Qℓ such that the
base change of E to Mℓ has either good or multiplicative reduction. For example, if ℓ‖N , then dℓ = 1.
An explicit version of Theorem 1.4 is the following.
Theorem 1.5. Let E/Q be a non-CM elliptic curve over Q with conductor N . Let p ∤ 6N
∏
ℓ|N(ℓ
2−1)cℓdℓ
be a prime such that the ρE,p is surjective. Then for any ǫ > 0,
#
{
χ ∈ ĈlK
∣∣∣∣ χ is p-regular for E}≫ǫ (ln |DK |)1−ǫ.
Here K varies over imaginary quadratic extensions satisfying
(i) p ∤ hK ,
(ii) (N,DK) = 1,
(iii) E is semi-stable at any prime factor of N inert in K;
(iv) either p splits in K or the number of prime factors of N inert in K is odd.
In the article, we also prove analogous results for GL2-type abelian varieties over the rationals (§4).
By Khare–Wintenberger ([27]), such abelian varieties are modular. In turn, modular forms are integral
to our approach.
We now describe the approach. It is based on the arithmetic of automorphic forms on a quaternion
algebra along with Euler system of toric periods and Heegner points. The Euler system controls both
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the Tate–Shafarevich group and analytic Sha. Our point is to first establish p-indivisibility of the Euler
system. A finer analysis of the relation of the Euler system with Tate–Shafarevich group and analytic
Sha then leads to the main result. An underlying role is played by the following.
• Michel’s equidistribution of special points arising from varying imaginary quadratic fields on a
Shimura set arising from a definite quaternion algebra ([32]).
• Zariski density of CM points arising from varying imaginary quadratic fields on a Shimura curve
arising from an indefinite quaternion algebra.
As χ ∈ ĈlK , the Rankin–Selberg convolution L(s, E, χ) corresponding to the pair (E,χ) is self-dual.
Let ǫ(E,χ) denote the global root number. Let
X±K =
{
χ ∈ ĈlK
∣∣∣∣ǫ(E,χ) = ±1}.
The approach crucially relies on the root number. Let S be the set of places of Q dividing N∞.
For each character χ = ⊗χv of ClK viewed as a Hecke character of K
×
A via class field theory, let
χS = ⊗v∈Sχv :
∏
v∈S K
×
v → Q
×
be its S-component. Some of the notation used here and in the sketch
below is not followed in the rest of the article.
The set X+K admits a finite partition according to the S-local component of characters in X
+
K . For a
fixed type χ0,S , there is a definite quaternion algebra B/Q and a so-called χ0,S-toric line V in πB , such
that L(1, E, χ) 6= 0 if and only if the period integral
Pf (χ) :=
∫
K×
A
/K×A×
f(t)χ(t)dt
is non-vanishing for any non-zero vector f ∈ V . This is an inexplicit version of Waldspurger formula
([48] and [52]). Here πB denotes the Jacquet-Langlands transfer of π to B
×
A for BA = B ⊗A with A the
adeles over Q. Moreover, we fix an embedding of K into B dependent on the S-component.
The space V contains non-zero vectors and we fix such a form f from now. Let U be an open compact
subgroup of B
(∞),×
A such that f is U -invariant. Here B
(∞)
A denotes the finite part. Let XU be the
corresponding definite Shimura set with level U . We can choose U such that for any pair (K,χ) with
the fixed type χ0,S, the chosen embedding KA into BA induces a map ϕK : ClK → XU . The image
of the map is referred as the special points arising from the class group ClK . Let p0|p be the prime of
Z[χ0,S ] induced via the embedding ιp. Without loss of generality, we may suppose that the image of
f : XU → Z[χ0,S ] generates an ideal prime to p0.
A key point is to study the non-vanishing of toric periods Pf (χ) modulo pχ as the pair (K,χ)-varies
with S-component χ0,S (thus pχ|p0). The pχ-indivisibility of Pf (χ) begins with Fourier analysis on ClK
and its relation with the induced map ϕK : ClK → XU . Recall that XU is a finite set whereas the
class number grows with the discriminant of K. Based on Shimura’s reciprocity law, we reduce the pχ-
indivisibility to equidistribution of special points on the Shimura set XU . The equiditribution concerns
the distribution of the special points{
ϕK(HK)
∣∣∣ HK ⊂ ClK} ⊂ XU
with HK ⊂ ClK a subgroup such that [ClK : HK ]≪ |DK |
δ for some δ > 0. Such an equidistribution is
essentially due to Michel ([32]). It is based on the subconvex bound due to Michel–Venkatesh [34] and
the explicit Waldspurger formula in Cai–Shu–Tian ([13]). The hypothesis on the p-indivisibility of the
class number of the imaginary quadratic fields seems essential for the Fourier analysis.
In view of the the work on the Euler system of toric periods due to Bertolini–Darmon [2] as refined by
Nekova´rˇ [37], the non-vanishing of the toric period Pf (χ) implies the finiteness ofX(E/HK)
χ. Moreover,
there exists a finite set of primes ΣE such that the size of the pχ-part X(E/HK)
χ[p∞χ ] is controlled by
the pχ-divisibility of the toric period Pf (χ) for p /∈ ΣE . More precisely, we have
Pf (χ) · p
Cχ,pχ
χ ·X(E/HK)
χ[p∞χ ] = 0
for a non-negative integer Cχ,pχ . Our point is to investigate horizontal variation of the constants Cχ,pχ .
We show the existence of a finite set of primes ΣE,1 such that the constant Cχ,pχ vanishes as (K,χ)-varies
for p /∈ ΣE,1. The hypothesis on the p-indivisibility of the class number of the imaginary quadratic fields
seems essential for this control. Along with the pχ-indivisibility of toric periods Pf (χ), this leads to the
proof Theorem 1.1 in the setup.
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The situation is analogous for analytic Sha. Based on the explicit Waldspurger formula ([13, §1.3]),
we have L(E,χ) ∈ Q(χ)× as long as the analytic rank equals zero. More precisely, we have
L(Eχ) = Dχ · Pf (χ)
2
for a fractional ideal Dχ ⊂ Z[χ]. Our point is to investigate horizontal variation of the ideals Dχ. We
show the existence of a finite set of primes ΣE,2 such that vp(Dχ) = 0 for p /∈ ΣE,2. Along with the
pχ-indivisibility of toric periods and the horizontal variation of the constants Cχ,pχ , this leads to the
proof of Theorem 1.4 in the setup.
Under the hypotheses of Theorem 1.5, a finer analysis of the above approach especially that of the
constants Cχ,pχ and the ideals Dχ, leads to the proof of Theorem 1.5 in the setup.
The lower bound in Theorem 1.1 and Theorem 1.5 is based on Shimura’s reciprocity law and an
elementary group theoretic lemma. Roughly speaking, the reciprocity law implies that the set SK of
p-regular characters is invariant under a Galois action. The Fourier analysis implies that the subgroup
generated by SK has size bounded below by |ClK |
δ′ for some δ′ > 0. An elementary argument then
shows that the size of SK is bounded below by (log(|ClK |))
1−ǫ for ǫ > 0.
The p-adic Waldspurger formula due to Bertolini–Darmon–Prasanna ([3]), Brooks ([6]) and Liu–
Zhang–Zhang ([29]) allows an analogous approach in the rank one case.
The set X−K admits a finite partition according to the S-local component of characters in X
−
K . For a
fixed type χ0,S , there is an indefinite quaternion algebra B/Q and a so-called χ0,S-toric line V in πB ,
such that L′(1, E, χ) 6= 0 if and only if the Heegner point
Pf (χ) :=
∫
K×
A
/K×A×
f(t)χ(t)dt
is non-torsion for any non-zero vector f ∈ V . This is an inexplicit version of Gross–Zagier formula ([19]
and [52]). Here πB denotes the Jacquet-Langlands transfer of π to B
×
A . Moreover, we fix an embedding of
K into B dependent on the S-component. In the above expression for the Heegner point, f is viewed as
a modular parametrisation f : XU → Eχ0,S for Shimura curve XU arising from B with level U specified
below and the Serre tensor Eχ0,S .
The space V contains non-zero vectors and we fix such a form f from now. Let U be an open compact
subgroup of B
(∞),×
A such that f is U -invariant. Let XU be the corresponding Shimura curve with level
U . We can choose U such that for any pair (K,χ) with the fixed type χ0,S , the chosen embedding KA
into BA induces a map ϕK : ClK → XU . The image of the map is referred as the CM points arising from
the class group ClK . Without loss of generality, we may suppose that f is a non-zero p-primitive form.
A key point is to study the non-vanishing of toric periods Pχ(g) modulo pχ as the pair (K,χ)-varies
with S-component χ0,S . Here g is a weight zero p-adic modular form given by d
−1(f (p)) for d the Katz
p-adic differential operator and f (p) the p-depletion of f . In view of the p-adic Waldspurger formula, the
p-adic logarithm of the Heegner point Pf (χ) is a p-unit if and only if a normalisation of the toric period
Pg(χ) is a p-unit. In this sense, the pχ-indivisibility of the Heegner point Pf (χ) is closely related to the
p-indivisibility of the toric period Pg(χ).
Strictly speaking, Pg(χ) is a toric period on an Igusa tower over the Shimura curve. Let π : Ig → XU
be the p-ordinary Igusa tower. Recall that Ig is a formal scheme defined over W the Witt ring of the
algebraic closure F of Fp arising from the embedding ιp. We also recall that g is a function on the Igusa
tower Ig. The p-indivisibility of Pg(χ) begins with Fourier analysis on ClK and its relation with the
induced map ϕ′K : ClK → Ig. Here ϕ
′
K is a lift of ϕK . Based on Shimura’s reciprocity law, we reduce
the p-indivisibility to Zariski density of the mod p reduction of special points on the special fiber IgF.
The Zariski density concerns the density of the special points{
ϕ′K(HK)
∣∣∣ HK ⊂ ClK} ⊂ IgF
with HK ⊂ ClK a subgroup of bounded index as |DK | → ∞. The Zariski density is a consequence of
CM theory and the geometry of Igusa tower modulo p. The hypothesis on the p-indivisibility of the class
number of the imaginary quadratic fields seems essential for the Fourier analysis.
In view of the the work on the Euler system of Heegner points due to Kolyvagin [28] as refined
by Nekova´rˇ [36], the non-triviality of the Heegner point Pχ(f) implies the finiteness of X(E/HK)
χ.
Moreover, there exists a finite set of primes Σ′E such that the size of the pχ-part X(E/HK)
χ[p∞χ ] is
controlled by the pχ-divisibility of the Heegner point Pf (χ) for p /∈ Σ
′
E . More precisely, we have[
E(HK)
χ : Z[χ] · Pf (χ) + E(HK)
χ
tor
]
· p
C′χ,pχ
χ ·X(E/HK)
χ[p∞χ ] = 0
5
for a non-negative integer C′χ,pχ . Our point is to investigate horizontal variation of the constants C
′
χ,pχ .
We show that there exists a finite set of primes Σ′E,1 such that the constant C
′
χ,pχ vanishes as (K,χ)-
varies for p /∈ Σ′E,1. The hypothesis on the p-indivisibility of the class number of the imaginary quadratic
fields seems essential for this control. Along with Galois image result for E and the pχ-indivisibility of
the Heegner points Pf (χ), this leads to the proof Theorem 1.1 in the setup.
The situation is analogous for analytic Sha. Based on an explicit Gross–Zagier formula in Cai–Shu–
Tian ([13, §1.3]), we have L(Eχ) ∈ Q(χ)
× as long as the analytic rank equals one. More precisely, we
have
L(Eχ) = D
′
χ ·
[
E(HK)
χ : Z[χ] · Pf (χ) + E(HK)
χ
tor
]2
for a fractional ideal D′χ ⊂ Z[χ]. Our point is to investigate horizontal variation of the ideals D
′
χ. We
show that there exists a finite set of primes Σ′E,2 such that vp(D
′
χ) = 0 for p /∈ Σ
′
E,2. Along with Galois
image result for E, the pχ-indivisibility of Heegner points and the horizontal variation of the constants
C′χ,pχ , this leads to the proof of Theorem 1.4 in the setup.
Under the hypotheses of Theorem 1.5, a finer analysis of the above approach especially that of the
constants C′χ,pχ and the ideals D
′
χ, leads to the proof of Theorem 1.5 in the setup.
As before, the lower bound in Theorem 1.1 and Theorem 1.5 is based on Shimura’s reciprocity law
and the elementary group theoretic lemma.
As evident from the sketch, there is a visible analogy among the case of root number 1 and the case
of root number −1. The analogy seem to resonate resemblance among the Waldspurger formula and the
p-adic Waldspurger formula. On the other hand, there are striking differences. Here we only mention
that the equidistribution of special points relies on a subconvex bound for Rankin–Selberg L-functions
whereas the Zariski density of CM points relies on the geometry of Igusa tower modulo p.
Based on Jochnowitz congruence ([46] and [2]), the case of root number −1 can be deduced from the
case of root number 1 for variation over imaginary quadratic fields satisfying extra hypothesis that there
exists a fixed prime inert in them.
Our main results can be considered as a mod p analogue of the characteristic zero non-vanishing results
for Rankin–Selberg L-functions due to Michel–Venkatesh ([33] and [34]) and Templier ([43]). As far as we
know, these are the first results towards a mod p analogue. In the case of root number 1 (resp. −1), these
article obtain quantitative results towards the number of class group characters with the corresponding
Rankin–Selberg central L-value (resp. central derivative of the L-function) non-vanishing. The approach
in these articles seems to have more analytic/ ergodic flavour. In Burungale–Tian ([12]), non-quantitative
results are obtained in the case of root number −1 based on an algebro-geometric approach which relies
on Andre´–Oort conjecture. It seems instructive to compare our current approach with the ones in [33],
[34], [43], [10] and [12]. Here we only mention that Michel’s equidistribution also plays an underlying
role for the characteristic zero non-vanishing result due to Michel–Venkatesh ([34]). It seems striking
that the characteristic zero and mod p non-vanishing share a key ingredient in the proof.
In the Iwasawa setup, the non-vanishing goes back to Cornut ([15]) and Vatsal ([46], [47]). From the
consideration of approach to non-vanishing, there seem to be fundamental differences in Cornut–Vatsal
and our horizontal setup. To begin with, Iwasawa algebra plays a pivotal role in Cornut–Vatsal to reduce
the generic non-vanishing to equidstribution of a class of special points on a definite Shimura set. The
equidsitribution is proven based on Ratner’s theory. The equidistribution also crucially relies on Iwasawa
algebra as it leads to an action of a p-adic Lie group on the class of special points. In the horizontal setup,
there does not seem to be a naive analogue of the Iwasawa algebra as the number fields in consideration
vary horizontally. Moreover, the special points do not seem to admit a group action.
The article is organised as follows. In §2, we consider the root number +1 case and analyse certain
aspects of toric periods. In §2.1, we introduce the setup and fix a definite quaternion algebra B. In
§2.2, we consider the horizontal mod p non-vanishing of toric periods of a toric form on B. In §2.3, we
consider the horizontal variation of the constants appearing in the Euler system method to bound the
Tate–Shafarevich group. In §2.4, we consider the horizontal variation of the constants appearing in the
explicit Waldspurger formula alluded to above. In §3, we consider the root number −1 case and analyse
certain aspects of Heegner points. In §3.1, we introduce the setup and fix an indefinite quaternion algebra
B. In §3.2, we recall generalities regarding CM points on Shimura curves arising from B. In §3.3, we
consider the horizontal mod p non-vanishing of toric periods of a weight zero p-adic modular form g
alluded to above. In §3.4, we recall the p-adic Waldspurger formula. In §3.5, we consider the horizontal
variation of the constants appearing in the Euler system method to bound the Tate–Shafarevich group.
In §3.6, we consider the horizontal variation of the constants appearing in the explicit Gross–Zagier
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formula alluded to above. In §4, we prove the main results based on §2 and §3 along with the existence
of suitable torus embeddings into the underlying quaternion algebras.
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Notation
We use the following notation unless otherwise stated.
For a finite abelian group G, let Ĝ denote Q
×
-valued character group of G. For a Z-module A, let
Â = A⊗Z Ẑ for Ẑ = lim←−n
Z/n.
For a number field L, let OL be the corresponding integer ring and DL the discriminant. Let L+
denote the totally positive elements in L. Let GL = Gal(Q/L) denote the absolute Galois group over L.
Let AL denote the adeles over L. For a finite subset S of places in L, let A
(S)
L denote the adeles outside
S and AL,S the S-part. When L equals the rationals or the underlying totally real field, we drop the
subscript L. For a Q-algebra C, let CA = C ⊗Q A. Let Ĉ
(S) (resp. CS) denote the part outside S (resp.
S-part) of CA.
For a place v of F for a totally real field F and a quadratic extension Kv/Fv, let ηv denote the
corresponding quadratic character. For a quaternion algebra Bv/Fv, let ǫ(Bv) denote the corresponding
local invariant. For an CM quadratic extension K/F and an integral ideal c of F , let HK,c be the ring
class field with conductor c and PiccK/F the relative ring class group with conductor c. Let hK (resp.
hK,c) be the relative ideal class number of K (resp. HK,c) over F .
2. Toric Periods
In this section, we consider toric periods of a modular form on a definite quaternion algebra over the
rationals. In §2.1, we introduce the setup. In §2.2., we prove horizontal mod p non-vanishing of toric
periods. In §2.3 and §2.4, we deduce the consequences of the mod p non-vanishing for Tate–Shafarevich
group and analytic Sha, respectively.
2.1. Setup. In this subsection, we introduce the setup.
Let φ ∈ S2(Γ0(N)) be a newform with weight 2 and level Γ0(N) for N ≥ 3. In particular, we consider
newforms with trivial central characters. Let Lφ denote the Hecke field corresponding to the newform φ.
Let B be a definite quaternion algebra over Q such that there exists an irreducible automorphic
representation πB on B
×
A whose Jacquet-Langlands transfer is the automorphic representation of GL2(A)
associated to φ. Recall BA = B ⊗Q A
Let S = Supp(N∞). Let K0,S ⊂ BS be a QS-subalgebra such that K0,∞ = C and K0,v/Qv is semi-
simple quadratic. As in the introduction, BS (resp. QS) denotes the S-part of BA (resp. A). For any
v ∈ S, we say that v is non-split if K0,v is a field and split otherwise. Let
U0,S :=
∏
v∈S, v split
O×K0,v ×
∏
v∈S, v non-split
K×0,v.
Suppose we are given a finite order character χ0,S : U0,S −→ Q
×
with conductor one such that the
following holds.
(LC1) ω · χ0,S
∣∣
Q
×
S
∩U0,S
= 1.
(LC2) ǫ(φ, χ0,v)χ0,vηv(−1) = ǫ(Bv) for all places v|N∞ with the local root number ǫ(φ, χ0,v) corre-
sponding to the Rankin–Selberg convolution.
Fix a maximal order R(S) of B
(S)
A
∼= M2(A
(S)). Let U (S) = R(S)×. Note that U (S) is a maximal
compact subgroup of B
(S)×
A
∼= GL2(A
(S)).
Let p be an odd prime. As in the introduction, we fix an embedding ιp : Q →֒ Cp. Let vp be a p-adic
valuation. Let F be an algebraic closure of Fp.
We introduce underlying imaginary quadratic fields.
Definition 2.1. Let ΘS denote the set of imaginary quadratic fields K such that
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(i) p ∤ hK ,
(ii) there exists an embedding ιK : K → B with KS = K0,S,
(iii) A
(S)
K ∩R
(S) = Ô
(S)
K under the embedding and
(iv) K 6= Q(i),Q(ω) for ω a primitive third root of unity.
There exist infinitely many imaginary quadratic extensions K/Q with K ∈ ΘS ([7], [51] and [1]). For
K ∈ ΘS , we fix such an embedding ιK .
We introduce underlying Hecke characters over imaginary quadratic fields.
Definition 2.2. For each K ∈ Θ, let XK,χ0,S denote the set of finite order characters χ over K such
that
(i) χ|A× · ω = 1,
(ii) χS = χ0,S via the embedding ιK , and
(iii) χ is unramified outside S.
Note that the conductor of χ ∈ XK,χ0,S equals one. Moreover, we have
(RN) ǫ(φ, χ) = 1.
Here ǫ(φ, χ) denotes the global root number of the Rankin–Selberg convolution corresponding to the pair
(φ, χ).
In the rest of the section, we let Θ = ΘS and XK = XK,χ0,S .
Lemma 2.3. The set XK is non-empty for all but finitely many imaginary quadratic fields K with
K ∈ Θ. Moreover, it is a homogenous space for the class group ClK .
Proof. Note that for all but finitely many imaginary quadratic fields K, we have that O×K = Z
×. We fix
such an imaginary quadratic field from now.
In view of class field theory, the class group is given by ClK = A
×
K/K
×K×∞A
×U . From the structure
of U , there exists a non-trivial Hecke character ǫ of A×K with conductor one, trivial on K
×
∞ and A
× for
all but finitely many imaginary quadratic fields K ([25]).
Let χ′0,S = χ0,S · ǫ|U0,S . Then, there exists a character χ
′ of A×K/K
×K×∞A
×U extending χ′0,S. The
character χ′ · ǫ−1 is a desired one. This finishes the proof of first part.
For χ ∈ XK , note that χ
′ǫ−1χ−1 factors through ClK .

Let O be the ring of integers of the field Q(φ, χ0,S) generated over Q by the Hecke eigenvalues of the
newform φ and the values of the local character χ0,S . Let p be the prime ideal of O corresponding to ιp.
Let O(p) be the localisation of the integer ring O at the prime ideal p.
We have the following existence of toric test vectors.
Lemma 2.4. There exists a non-zero O(p)-valued form f ∈ πB such that the ideal generated by the image
of f is prime to p and f satisfies the following.
(F1) The subgroup U0,S acts on f via χ0,S and
(F2) f ∈ πU
(S)
.
Proof. In view of (RN), there exists a non-zero ℓ ∈ Hom
A
×
K
(πB ⊗ χ,C) ([41], [44] and [45]). Here A
×
K
acts trivially on C.
From [13], we thus have ϕ ∈ πU
(S)
B such that ℓ(ϕ) 6= 0. We further choose ϕ to be p-integral. For
t ∈ U0,S , note that
ℓ(χ0,S(t)ϕ) = χ0,S(t)ϕ.
Recall that
dimCHomK×
A
(πB ⊗ χ,C) = 1.
We can thus take f to be the automorphic form given by
g 7→
∫
U0,S/Q
×
S
∩U0,S
χ0,S(t)ϕ(gt)dt.
We further normalise f to be p-primitive by requiring that the ideal generated by the image of f is prime
to p. 
Note that f is spherical outside S.
Let U be an open compact subgroup of B
(∞),×
A such that U = USU
(S) with US ⊂ B
×
S and US =∏
v∈S Uv such that
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(L1) f ∈ πUB and
(L2) O×0,v ⊂ Uv for all v ∈ S\{∞}.
Let XU be the corresponding Shimura set of level U given by
XU = B
×\B
(∞),×
A /U.
Let
f : XU → F
be the reduction of f modulo p.
Let p0 be the prime above p in the Hecke field Lφ determined via the embedding ιp. Let ρφ,p0 : GQ →
GL2(Lφ,p0) be the corresponding p-adic Galois representation. Let ρφ,p0 be the reduction modulo p0.
We have the following non-constancy regarding the reduction f .
Lemma 2.5. Assume that the mod p Galois representation ρφ,p0 associated to the newform φ is absolutely
irreducible. Let f be a toric form as above with non-zero reduction modulo p. Then, the mod p reduction
f is non-constant.
Proof. Suppose it is not the case. From the definition of f , it is a Hecke eigenform outside the Hecke
operators arising from primes in S. Moreover, the Hecke eigensystem is the same as that of φ. From the
constancy, the eigensystem outside S is Eisenstein. This contradicts the irreducibility assumption.

We identify A×K as a subgroup of B
×
A under the embedding ιK : K →֒ B. As ιK(OK) ⊂ U , the choice
of embedding ιK gives rise to a map
ϕK : ClK → XU .
For σ ∈ ClK , let xσ ∈ XU be the corresponding point on the Shimura set. This is usually referred as a
special point on the Shimura set. In what follows, the map ϕK plays an underlying role.
For χ ∈ ĈlK , let Pf (χ) be the toric period given by
(2.1) Pf (χ) =
1
hK
·
∑
σ∈ClK
χ(σ)−1f(xσ).
As f is p-integral and p ∤ hK , the period is p-integral. More precisely, Pf (χ) ∈ O(p)[χ]. Here O(p)[χ]
denotes the extension of O(p) obtained by adjoining the values of χ.
The period possibly depends on the choice of the torus embedding ιK .
Remark 2.6. (1). For χ ∈ ĈlK , the non-vanishing of Pf (χ) implies that χ ∈ XK . This follows from f
being χ0,S-toric. The observation will be used in the proof of Theorem 2.7.
(2). We restrict to newforms with trivial central character and unramified Hecke characters over the
imaginary quadratic fields for simplicity.
2.2. Non-vanishing. In this subsection, we prove the horizontal mod p non-vanishing of toric periods
of a modular form on a definite quaternion algebra.
Let the notation and assumptions be as in §2.1. In particular, φ is a weight two newform and Lφ the
corresponding Hecke field. Let p0 be the prime above p in Lφ determined via the embedding ιp. Recall
that ρφ,p0 : GQ → GL2(Lφ,p0) denotes the corresponding p-adic Galois representation. Moreover, ρφ,p0
denotes the reduction modulo p0.
Our main result regarding the mod p non-vanishing of toric periods is the following.
Theorem 2.7. Let φ ∈ S2(Γ0(N)) be a newform. Let p ∤ N be a prime such that
(irr) the mod p Galois representation ρφ,p0 is absolutely irreducible.
Let f be a toric test vector on a definite quaternion algebra as above. Let Θ = ΘS be the set of imaginary
quadratic extensions as in Definition 2.1. For K ∈ Θ, let XK be the set of finite order Hecke character
over K as in Definition 2.2. For χ ∈ XK, let Pf (χ) be the toric period corresponding to the pair (f, χ).
For ǫ > 0, we have
#
{
χ ∈ XK
∣∣∣ vp(Pf (χ)) = 0}≫ǫ log(|DK |)1−ǫ.
as K varies in Θ.
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Proof. Recall that f : XU → O(p) is a function on the Shimura set X and f its mod p reduction. In
view of the map ϕK : ClK → XU of special points, we may regard f and f as functions on the abelian
group ClK .
The approach is based on the Fourier analysis on ClK and its relation to the Shimura set XU .
To begin with, the toric periods Pf (χ) modulo pχ equal the χ-th Fourier coefficients of the function
σ 7→ f(xσ) mod p
on the finite abelian group ClK . Here pχ (resp. p) is the prime above p in Lφ,χ (resp. L
′
φ) determined
via the embedding ιp. Here L
′
φ denotes the Hecke field corresponding to the pair (φ, χ0,S) and Lφ,χ its
extension obtained by adjoining the values of χ.
In what follows, we thus consider Fourier analysis of the function
f : ClK → F
and its variation for K ∈ Θ with F an algebraic closure of Fp. As p ∤ hK , the Fourier inversion works as
usual.
Let us first consider the non-vanishing of at least one twist. In view of the Fourier inversion, it suffices
to show that
(2.2) f(xσ) 6= 0
for at least one σ ∈ ClK for all but finitely many K.
By a result of Iwaniec ([24]), the special points{
xσ
∣∣∣σ ∈ ClK} ⊂ XU
become equidistributed onXU with respect to the probability measure on the finite set XU as |DK | → ∞.
Strictly speaking, the equidistribution is a consequence of Iwanicec’s main result in [24] as noticed in
Michel ([32]).
In view of the p-primitivity of f (Lemma 2.4), the equidistribution readily implies (2.2).
We now consider the growth in the number of non-vanishing twists. Suppose that there exists a
positive integer ℓK such that exactly ℓK ≥ 1 of the toric periods Pf (χ) are non-vanishing modulo pχ, for
K with sufficiently large discriminant. Let
ΞK = {χK,1, ..., χK,ℓK}
be the set of the non-vanishing modulo pχ twists.
Note that
Pf (χ) 6= 0 ⇐⇒ Pf (χσ) 6= 0
for σ ∈ Gal(F/Fp(φ, χ0,S)). Here “·” denotes the reduction modulo a prime ideal above p determined via
the embedding ιp. As Im(f) ⊂ Fp(φ, χ0,S)), the above version of reciprocity law is evident in the setup.
We conclude that ΞK is invariant under the action of Gal(F/Fp(φ, χ0,S)).
Let CK ⊂ ĈlK the subgroup generated by these characters and let HK ⊂ ClK be the orthogonal
complement of CK . The orthogonal complement is with respect to the pairing on ĈlK and its character
group. Recall that |HK | = |ClK |/|CK |.
In view of the Fourier inversion on ClK and the hypothesis on the periods, we have
(2.3) f(xσ) =
ℓK∑
i=1
cK,iχK,i(σ).
Here cK,i ∈ F are the Fourier coefficients possibly dependent on K and determined by the pairs (f, χK,i).
From the above formula on HK (2.3), we note that f is constant on HK .
We now recall a refinement of Iwaniec’s equidistribution. By a result of Michel ([32, §6]), the special
points {
xσ
∣∣∣σ ∈ H ′K , [ClK : H ′K ] ≤ |DK |δ} ⊂ XU
become equidistributed on XU with respect to the probability measure as |DK | → ∞ for an absolute
constant δ > 0 (remark below).
It thus follows that
|CK | ≫ |DK |
δ.
Otherwise, this contradicts the non-constancy in Lemma 2.5.
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From the Galois-stability of ΞK and an elementary Lemma 2.9 below, we conclude
ℓK ≫ǫ log(|ClK |)
1−ǫ
for any ǫ > 0.
This finishes the proof. 
Remark 2.8. (1). In [32, §6], the equidistribution is proven for the special points arising from the maximal
order OK . In this case, δ can be taken to be 1/2115. The hypothesis seems to be made for simplicity
and partly arises from the availability of explicit Waldspurger formula at the time. In [13], the formula
has been established unconditionally.
(2). The approach only requires surjectivity of the map
ϕK : HK → XU
with HK as in the proof for a sufficiently large discriminant.
(3). Under the assumptions in Theorem 3.9, it seems tempting to predict
#
{
χ ∈ XK
∣∣∣ vp(Pf (χ)) = 0}≫ǫ |ClK |1−ǫ
for any ǫ > 0.
(4). For related equidistribution results on a quaternionic Shimura variety, we refer to [53].
The following elementary lemma is used in the above proof.
Lemma 2.9. Let Fq be a finite field with characteristic p. Let G be a finite abelian group and Ĝ the
F×-valued character group. Suppose that p ∤ |G|. Let S ⊂ Ĝ be a Galois-stable subset i.e.
(St) If χ ∈ S, then the Galois conjugates χσ ∈ S for any σ ∈ Gal(F/Fq).
Let ĤS ⊂ Ĝ be the subgroup generated by S. Consider a sequence (Gi, Si) as above with |Gi| → ∞.
Suppose that there exists δ with 0 < δ < 1 such that |ĤSi | ≫ |Gi|
δ. For ǫ > 0, we then have
|Si| ≫ǫ ln(|Gi|)
1−ǫ.
Proof. As HS is abelian, say
HS ≃ Z/(n1)× Z/(n2)× ...× Z/(nd)
with n1 ≥ n2 ≥ ... ≥ nd.
It follows that there exists an element χ1 in the generating set S with order n1. The number of Galois
conjugates of χ1 over Fq equals the degree [Fq(µn1) : Fq]. Here µl denotes a primitive l
th root of unity
over Fp. By duality, the subgroup generated by χ1 corresponds to a quotient HS → C1. Note that
ĤS/Ĉ1 ≃ Z/(n2)× ...× Z/(nd).
We conclude that there exists an element χ2 in the generating set S with order n2.
Repeating the process, we have
|S| ≥
∑
i
[Fq(µni) : Fq] ≥
∑
i
ϕ(ni)
(ni, q − 1)
.
As ∑
i
ϕ(ni)
(ni, q − 1)
≫ǫ
(∑
i
ln(ni)
)1−ǫ
for any ǫ > 0, this finishes the proof. The last estimate follows from [40]. 
Remark 2.10. (1). Considering arbitrary finite products of Z/(2), the estimate is optimal in general.
(2). For a sequence (Gi)i as in Lemma 2.9 with the number of prime factors ν(|Gi|) being bounded,
the proof shows that the lower bound for a minimal Galois-stable subset of the character group can be
improved significantly.
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2.3. Tate–Shafarevich Groups I. In this subsection, we describe bounds for the Tate–Shafarevich
group in the analytic rank zero case in terms of a toric period based on an analysis Euler system of toric
periods due to Bertolini–Darmon ([2]) as refined by Nekova´rˇ ([36]).
For convenience, let us briefly recall the Birch and Swinnerton-Dyer (BSD) conjecture.
In the beginning of this subsection, let A be an abelian variety over a number field K such that
OL ⊂ End(A) for a number field L. Let A
∨ be the dual abelian variety. Let L(s, A) be the L-series
arising from the Tate module of A at the finite primes of O = OL. In particular, it is without Euler
factor at infinite places.
For a torsion O-module M , let FittO(M) denote the Fitting ideal of M .
We have the following fundamental
Conjecture 2.11 (BSD). Let L(s, A) be the L-series for an abelian variety A over a number field K
such that O = OL ⊂ End(A) for a number field L. Then, the following holds.
(1). The L-series has analytic continuation to C.
(2). We have ords=1L(s, A) = rankOA(K).
(3). Let L∗(1, A) ∈ L⊗Q C be the leading coefficient of the L-series. Then,
L(A) :=
L∗(1, A)
Ω(A/K)R(A/K)
·
∏
v
FittO(cv(A))
−1 · FittO(A(K)tor)FittO(A
∨(K)tor) ⊂ L⊗ C
is a fractional ideal of O for r = ords=1L(s, A) = rankOA(K), period Ω(A/K), regulator R(A/K) ([8])
and Tamagawa number cv. Moreover,
L(A) = FittO(X(A/K)).
For a prime p of OL, we refer to the asserted equality in (3) for the p-parts as the p-part of the BSD
(BSDp).
We now consider our setup. Let the notation be as in §2.2. In particular, Lφ denotes the Hecke field
of the newform φ ∈ S2(Γ0(N)). Let π the cuspidal automorphic representation of GL2(A) corresponding
to the newform φ so that we have the equality
L(s, π) = L(s, φ)
of complex L-functions. Let A be a GL2-type abelian variety over Q associated to φ such that OLφ ⊂
End(A).
To state the results, we introduce some notions. Let us begin with some results on the image of a
p-adic Galois representation associated to a modular GL2-type abelian variety over the rationals ([36,
App. B]). For simplicity, we suppose that A does not have CM.
Let Γ ⊂ Aut(Lφ/Q) be the group of inner twists of π. Recall that an inner twist of π is a pair (σ, χ)
with σ an embedding of Lφ and χ a Dirichlet character such that there exists an isomorphism
σπ ≃ π ⊗ χ
with σπ the σ-conjugate. For such a σ, we have a unique Dirichlet character χσ such that the above
isomorphism holds ([37, B.3]). Let LΓ be the fixed subfield of Lφ corresponding to Γ. For σ ∈ Γ, we
thus have an inner twist arising from χσ. Let QΓ/Q be the extension corresponding to
⋂
σ∈Γ ker(χσ).
Let pφ|p be a prime in Lφ and pΓ the corresponding prime in L
Γ.
From the p-adic Tate-module of A, we have the pφ-adic Galois representation ρpφ : GQ → GL2(OLφ,pφ).
It induces a Galois representation
ρpφ : GQΓ −→ GL2(OLΓ,pΓ).
In view of the work of Ribet ([39]) and Momose ([35]),
ρpφ(GQΓ) ⊆ HΓ :=
{
x ∈ GL2(OLΓ,pΓ)
∣∣∣∣ det(x) ∈ Z×p }
is an open subgroup (for example, see [37, B.5.2]). Moreover, the equality holds for all but finitely many
primes p.
We say that ρpφ has maximal image if the equality holds in the above inclusion. Here we only mention
that ρpφ is maximal for all but finitely many primes p. If ρpφ is maximal, then we evidently have
GL2(Zp) ⊂ Im(ρpφ).
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For ℓ|N , let πℓ be the corresponding local representation of GL2(Qℓ). Let dℓ ≥ 1 be such that dℓZ is
generated by [Mℓ : Qℓ] where Mℓ varies over extensions of Qℓ such that the base change of πℓ to Mℓ is
either a spherical or a Steinberg representation of GL2(Mℓ). Note that, dℓ = 1 if ℓ‖N .
Let B be a definite quaternion algebra and χ ∈ XK a character over an imaginary quadratic field K
as in §2.1. Recall that f is a toric form on B×A and U ⊂ (B
(∞)
A )
× the toric level corresponding to f . Let
I be an ideal of OLφ given by
I =
〈
ℓ+ 1− aℓ
∣∣ℓ prime, ℓ ∤ N, ℓ ∈ ker(Q̂× → Q×+\Q̂×/Nrd(U))〉.
Here aℓ denotes the Tℓ-eigenvalue of the newform φ and Nrd the reduced norm map.
In the rest of this subsection, let L = Lφ,χ. Let Aχ = AK ⊗OLφ OL be the Serre tensor where the
absolute Galois group GK acts on OL via χ. In regards to certain aspects of the arithmetic corresponding
the pair (A,χ), it turns out that Aχ is a relevant abelian variety.
The main result of this subsection regarding the Tate–Shafarevich group of the Serre tensor Aχ is the
following.
Proposition 2.12. Let φ ∈ S2(Γ0(N)) be a non-CM newform. Let K/Q be an imaginary quadratic
extension and χ an unramified finite order Hecke character over K as above. Let p be a prime and pφ
(resp. p) the prime above p of the coefficient fields Lφ (resp. L) corresponding to the fixed embedding
ιp. Let A be an abelian variety corresponding to φ such that OLφ ⊂ End(A). For ℓ|N , let cℓ be the
corresponding Tamagawa number. Suppose that the following holds.
(1) The p-adic Galois representation ρpφ has maximal image,
(2) p ∤ 6N · (
∏
ℓ cℓdℓ) · I · hK and
(3) The toric period Pf (χ) corresponding to the pair (f, χ) is a p-unit with f the p-primitive toric
form on a definite quaternion algebra as in last subsection.
Then,
X(Aχ/K)[p
∞] = 0 for |DK | ≫ 0.
As p ∤ hK , we also have
X(A/HK)
χ[p∞] ∼= X(Aχ/K)[p
∞] = 0 for |DK | ≫ 0.
Proof. When the toric period Pf (χ) does not vanish, the Bertolini–Darmonmethod to boundX(Aχ/K)[p
∞]
shows that
pCχ+vp(Pf (χ)) ·X(Aχ/K)[p
∞] = 0
for a non-negative integer Cχ ([37, 2.9.6]). The constant Cχ possibly depends on p.
Under the hypotheses (1) and (2), we show that
Cχ = 0
for all χ ∈ XK as |DK | ≫ 0.
In the following exposition, we suppose some familiarity with [36, §2].
In view of the description of Cχ, we consider the following.
(i) As the Galois representation ρA,pφ has maximal image, only finitely many imaginary quadratic
extensions are contained in Q(A[p∞]). Let K be an imaginary quadratic field with |DK | ≫ 0.
For p ≥ 5, let
(
λ1
λ2
)
∈ GL2(Zp) such that λ1 = ±1 and λ
2
2 − 1 is a p-adic unit. Since the
image is maximal, there exists gK ∈ GQ with trivial action on Qχ such that
– ρpφ(gK) =
(
λ1
λ2
)
.
– gK does not act trivially on K.
In the notation of [37, §2], we thus have C2 = 0 for |DK | ≫ 0.
(ii) We now show that
Im(OL,p[GQ]→ EndOL,p(Aχ[p
∞])) =M2(OL,p).
As Aχ[p] is absolutely irreducible GQ-module, by Burnside’s lemma
Im(OL,p[GQ]→ EndOL,p(Aχ[p])) = EndOL,p(Aχ[p]).
The assertion thus readily follows from Nakayama lemma.
In the notation of [37, §2], we thus have C4 = 0.
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(iii) We show that
Im(OL,p[GHχ ]→ EndOL,p(Aχ[p
∞])) =M2(OL,p)
for p > 3 and |DK | ≫ 0. Here Hχ denotes the extension of K cut out by the finite order Hecke
character χ over K.
In fact, we show the following. Suppose that K is not a subfield of Q(Aχ[p
∞]). Then,
OL,p[ρp(GHχ)] =M2(OL,p).
Let M denote the intersection of Q(Aχ[p
∞]) and Hχ. As K is not a subfield of Q(Aχ[p
∞]),
the extension M/Q is abelian. Moreover, the corresponding Galois group has exponent 2 as
Gal(M/Q) ≃ Gal(MK/K) and the latter extension is both cyclotomic and anticyclotomic. It
follows that
OL,p[H
2
Γ] ⊂ OL,p[ρp(GHχ)].
Here HΓ is as in the description of maximal image. Here and in what follows, for a subgroup
H ′ ⊂ GL2(OL,p), let H
′2 denotes the subgroup generated by the square of elements in H ′.
For p > 3, note that Zp[GL2(Zp)
2] = Zp[GL2(Zp)]. As GL2(Zp) ⊂ HΓ, we conclude that
M2(OL,p) = OL,p[GL2(Zp)
2] ⊂ OL,p[ρp(GHχ)].
In the notation of [37, §2], we thus have C8 = 0 for |DK | ≫ 0.
(iv) Let m be a sufficiently large positive integer and n = m+ C0 for the constant C0 in [37, 2.7.9].
Let Hn,χ = Q(T/p
n)Hχ for T = Aχ[p
∞].
Let gn ∈ Gal(Hn,χ/Q) be the restriction of gK to Hn,χ. Here gK is an element as in the
paragraph preceeding the vanishing of C2. Let H
′
n,χ be the subfield of Hn,χ fixed by 〈g
2
n〉. Let
Res : H1(Hχ, T/p
m) → H1(Hn,χ, T/p
m) and Res′ : H1(Hχ, T/p
m) → H1(H ′n,χ, T/p
m) be the
restriction maps. We show that
ker(Res′) = ker(Res) = 0
for p > 3 and |DK | ≫ 0.
This is based on the proof of [20, Prop. 9.1]. By inflation–restriction, we have
ker(Res) = H1(Gal(Hn,χ/Hχ), Aχ[p
m]).
The Galois action gives rise to an embedding ρ : Gal(Hn,χ/Hχ) →֒ GL(Aχ[p
n]). Suppose that
K is not a subfield of Q(Aχ[p
∞]) and let M be as in the discussion preceding the vanishing
of C8. As Gal(M/Q) is abelian with exponent two, ρ((Gal(Q(Aχ[p
n])/Q))2) is a subgroup of
ρ(Gal(Hn,χ/Hχ)), and therefore
Z0 ⊂ Z(Im(ρ)) ⊂ Im(ρ),
where Z0 is the image of (F
×
p )
2 under the Teichmuller lifting. The existence follows from the
maximality of the image. As p > 3, the subgroup Z0 is non-trivial with order prime to p. It
follows that
Hi(Z0, Aχ[p
m]) = 0
for i ≥ 0. The spectral sequence
Hi(Gal(Hn,χ/Hχ)/ρ
−1(Z0), H
j(Z0, Aχ[p
m])) =⇒ Hi+j(Gal(Hn,χ/Hχ), Aχ[p
m]))
thus implies the desired vanishing of ker(Res).
Recall that the elements g2n does not belong to the center Z(Im(ρ)). Going modulo 〈g
2
n〉, the
above argument thus also applies for ker(Res′).
In the notation of [37, §2], we thus have C7 = 0 for |DK | ≫ 0.
(v). In view of our hypothesis p ∤
∏
ℓ cℓ and the description of Tamagawa numbers in [26, Prop. 3],
we have C6 = 0 in the notation of [37, §2].
(vi). In view of our hypothesis p ∤
∏
ℓ dℓ, we have C5 = 0 in the notation of [37, §2].
We now recall
Cχ = 3C2 + 12C4 + C5 + C6 + C7 + C8 + vp(I · [Hχ : K]) + vp([Hχ : K])
for all χ ∈ XK ([37, 2.9.6]). As p ∤ hK , we thus conclude
Cχ = 0
for all χ ∈ XK such that |DK | ≫ 0 ([37, 2.9.6]). This finishes the proof for X(Aχ).
In view of [30], the rest follows for X(A/HK) from the result for the Serre tensor Aχ. 
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Remark 2.13. Based on an analysis of the Euler system method for toric periods, it may be checked that
there exists a constant C such that
#X(Aχ)[p
∞]
∣∣∣∣pC+vp(Pf (χ))
for all χ ∈ XK as |DK | ≫ 0. In this sense, the toric periods control the size of the Tate–Shafarevich
groups.
2.4. Analytic Sha I. In this subsection, we describe bounds for analytic Sha in the analytic rank zero
case in terms of a toric period based on an analysis of explicit Waldspurger formula due to Cai–Shu–
Tian ([13]). The consideration along with the main result in §2.3 leads us to establish the p-part of
corresponding Birch and Swinnerton-Dyer conjecture for a class of primes p.
We first introduce a definition.
Definition 2.14. For an abelian variety A over a number field L, we refer to the ideal L(A) in the
formula part of the BSD conjecture for A over L (Conjecture 2.11) as the analytic Sha.
We now introduce our setup. Let the notation and assumptions be as in §2.3. In particular, A denotes
a GL2-type abelian variety over the rationals corresponding to a weight two newform φ ∈ S2(Γ0(N))
and χ a finite order Hecke character over an imaginary quadratic field K such that
ǫ(A,χ) = 1
((RN)). Moreover, Aχ denotes the Serre tensor of A by χ which is an abelian variety over K with
OL ⊂ End(Aχ).
As above, we refer to L(Aχ) as the analytic Sha of Aχ.
In this subsection, we consider the conjecture in the analytic rank zero case. We thus suppose that
L(1, Aχ) 6= 0.
To introduce an explicit Waldspurger formula, we begin with some notation. Let B be a definite
quaternion algebra as in §2.1. Let R ⊂ B be an order as in [13, §1.1]. Recall that f is a toric form
on B×A and U ⊂ (B
(∞)
A )
× the level corresponding to f . Let XU be the corresponding Shimura set. Let
N = N+N− for N+ (resp. N−) precisely divisible by split (resp. non-split) primes in the extension
K/Q. Recall that S denotes the set of prime divisors of N∞.
For any fi =
∑
x fi(x) · x ∈ C[XU ] with i = 1, 2, we put
〈f1, f2〉 =
∑
x
w−1x f1(x)f2(xτB).
Here wx is the cardinality of (B
× ∩ gR̂×g−1)/{±1} with g ∈ B̂× any representative of x and τB ∈
NB̂×(R̂
×) such that
• for ℓ|N+, τB,ℓ ∈ NB×
ℓ
(R×ℓ ) \Q
×
ℓ R
×
ℓ the Atkin–Lehner operator;
• for ℓ|N−, τB,ℓtℓ = tℓτB,ℓ for any tℓ ∈ K
×
ℓ where tℓ is the Galois conjugate of tℓ.
• for ℓ ∤ N , τB,ℓ = 1.
We consider Hermitian pairing ( , )R̂× on the space C[XU ] of C-valued functions on the Shimura set XU
is given by
(f1, f2)R̂× =
∑
x
w−1x f1(x)f2(x)
with · being the complex conjugaton.
From [13, Thm. 1.8], we have an explicit Waldspurger formula given by
L(1, Aχ) = 2
−#ΣD+2 ·
8π2(φ, φ)Γ0(N)
[O×K : Z
×]2
√
|DK |2
·
Pf1(χ)Pf2 (χ
−1)
(f1, f2)R̂×
.
Here ΣD =
{
ℓ
∣∣ℓ|(N,DK)}, f1 ∈ V (πB, χ) and f2 ∈ V (πB , χ−1) are non-zero vectors. For the definition
of V (πB , χ), we refer to [13, Def. 1.7]. Here we only mention that f1 can be taken to be the toric form
f as in §2.1.
In the analytic rank zero case, the analytic Sha of Aχ is thus given by
L(Aχ) =
π2(φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
Pf1 (χ)Pf2(χ
−1)
(f1, f2)R̂×
·
Fitt(Aχ(K)tor)Fitt(A
∨
χ−1 (K)tor)
2#ΣD−5 · [O×K : Z
×]2 ·
∏
v Fitt(cv(Aχ))
.
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We have the following key proposition regarding the variation of the p-part of analytic Sha in terms
of toric periods.
Proposition 2.15. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field.
Let A be an abelian variety corresponding to φ such that Oφ ⊂ End(A).
There exists a finite set ΣA of primes of Oφ only dependent on A, such that for any prime p0 /∈ ΣA
of Oφ and any χ ∈ X with L(1, Aχ) 6= 0, the ideal
L(Aχ)
Pf (χ)2
is coprime to p0. Here f is the χ0,S-toric vector as in last subsection. In particular, if Pf (χ) is a p-unit,
then L(Aχ) is also a p-unit as long p lies above some p0 /∈ ΣA.
Proof. Let f ′1 = f be a p-minimal toric test vector satisfying (F1) and (F2) in §2.1. Let J ∈ B be as in
[14, §2.1] and f ′2 the J-translate of f
′
1 given by
f ′2(x) = f
′
1(xJ).
Locally, f ′2 differs from f
′
1 only at the places dividing N .
Note that
Pf ′2(χ
−1) = Pf ′1(χ).
We now recall the S-version of Waldspurger formula in [13, Thm. 1.9]. It states that
L(1, φ, χ) = 2−#ΣD+2 · C∞ ·
〈φ0, φ
0
〉U0(N)
[O×K : Z
×]2
√
|DK |
·
Pf ′1(χ)Pf ′2 (χ
−1)
〈f ′1, f
′
2〉R̂×
·
∏
v∈S\{∞}
β0(f1,v, f2,v)
β0(f ′1,v, f
′
2,v)
.
Here φ0 is a normalised new vector fixed by level U1(N) and the pairing 〈·, ·〉U0(N) is as in [13, §1.3].
Further, f1 = f ∈ V (πB , χ) and f2 ∈ V (πB , χ
−1) are non-zero vectors, the local pairing β0(·, ·) is as in
[13, Thm. 1.6] and C∞ denotes the constant in [13, Thm. 1.8].
It follows that the analytic Sha is given by
L(Aχ) =
C∞ · (φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
Pf (χ)
2
(f1, f2)R̂×
·
Fitt(Aχ(K)tor)Fitt(A
∨
χ−1(K)tor)
2#ΣD−5[O×K : Z
×]2 ·
∏
v Fitt(cv(Aχ))
·
∏
v∈S\{∞}
β0(f1,v, f2,v)
β0(f ′1,v, f
′
1,J,v)
.
We now discuss horizontal variation of the terms in the right hand side of the above expression except
the toric period. It suffices to show that the terms have bounded prime divisors as the pair (K,χ)-varies.
By strong approximation, we can choose
J ∈ (
∏
v|N
B×v ) ·GL2(Ẑ
(N)) ∩B×.
Since the S-type of K is fixed, it thus follows that∏
v∈S\{∞}
β0(f1,v, f2,v)
β0(f ′1,v, f
′
1,J,v)
is a fixed rational number as K varies.
We have
Ω(Aχ/K) = Ω(A/K)
as fractional ideals up to ideals dividing the level N ([8, §4.4.1]).
In view of the definition of the period Ω(A/K) and the description of the Tamagawa numbers for the
Serre tensor Aχ, it follows that there exists an nonzero ideal a1 such that
a1 ⊆
C∞ · (φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
∏
v
Fitt(cv(Aχ)).
Moreover, the support of prime divisors of a1 is bounded as K varies.
From Proposition 2.16, there exists an nonzero ideal a2 such that
a2 ⊆ Fitt(Aχ(K)tor)Fitt(A
∨
χ−1 (K)tor)
with support of prime divisors bounded as K varies.
In view of the earlier expression for the analytic Sha, this finishes the proof. 
The following finiteness is used in the proof.
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Proposition 2.16. Let A be a non-CM GL2-type abelian variety over the rationals. Then, the set⋃
K
A(HK)tor is finite as K varies imaginary quadratic fields ([12, Prop. 3.13]).
Along with Proposition 2.12, we have the following immediate consequence for the BSD.
Corollary 2.17. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field. Let
A be an abelian variety corresponding to φ such that Oφ ⊂ End(A).
There exists a finite set Σ′A of primes of Oφ only dependent on A, such that the following holds. For
any prime p0 /∈ Σ
′
A of Oφ and for χ ∈ X with the toric period Pf (χ) being a p-unit for p above p0, the
p-part of BSD holds for the Serre tensor Aχ as long as p ∤ hK for (p) = p0 ∩Q.
The exceptional set of primes ΣA in Proposition 2.15 admits an explicit description under mild hy-
pothesis.
Proposition 2.18. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field.
Let K be an imaginary quadratic field and χ an unramified finite order anticyclotomic Hecke charcter
over K as above. Let N = N+N− where l|N+ (resp. l|N−) if and only if l|N and split in K (resp.
non-split in K). Let p be a prime and p0|p a prime of Lφ. Suppose that the following holds.
(1) (N,DK) = 1,
(2) N− is square-free with odd number of prime factors,
(3) p ∤ 6NDK and
(4) The Galois representation ρA,p0 has maximal image and the residual representation ρA,p0 is
ramified at ℓ|N− with ℓ2 ≡ 1 mod p.
For all primes p|p0 of L = Lφ,χ, we then have
ordpL(Aχ) = 2 · ordp(Pχ(f))− 2 ·
∑
ℓ|N+,χ|Dℓ=1
ordp(cℓ).
Proof. We first describe an explicit form of Waldspurger formula under the hypotheses that N− is
square-free with odd number of prime factors.
We have
L(1, φ, χ) =
8π2(φ, φ)Γ0(N)
[O×K : Z
×]2
√
|DK |
Pf (χ)
2
〈f, f〉
χ−1N+(N
+).
Here the notation is as in the paragraphs following Conjecture 2.11. This follows from an analysis of an
explicit version in [13, §1.3]. We indicate the sketch below.
Let J ∈ B× such that Jt = t¯J for any t ∈ K as in the proof of Proposition 2.15. We have
(2.4)
PfJ (χ)
(f, f)
=
Pf (χ)
〈f, f〉
χ−1N+(N
+)
for fJ being the J-translate as in the proof of Proposition 2.15.
The equality can be deduced as follows. We may assume
J ∈ ι−1N+
[(
N+ 0
0 1
)]
· τB · R̂
×.
For ℓ|N+, we thus have
f(tJℓ) = εℓ(πℓ)f
[
t(ℓ)ι−1ℓ
(
tℓNℓ 0
0 tℓ¯
)]
, t ∈ K̂×
and
PfJℓ (χ) = χ
−1
ℓ (Nℓ)PfτB,ℓ (χ).
As fτB and f both in the one-dimensional space V (πB , χ), there exists a constant c ∈ S
1 such that
fτB = cf.
We thus have
PfJ (χ)
(f, f)
=
PfτB (χ)
(f, f)
χ−1N+(N
+) =
cPf (χ)
(f, f)
χ−1N+(N
+) =
Pf (χ)
〈f, f〉
χ−1N+(N
+).
It thus follows that
L(Aχ) =
8π2(φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
Pf (χ)
2
〈f, f〉
·
Fitt(Aχ(K)tor)Fitt(A
∨
χ−1 (K)tor)∏
v Fitt(cv(Aχ))
· χ−1N+(N
+).
17
We now consider p-adic valuation of the terms in the right hand side of the above expression.
Recall that we have
Ω(Aχ/K) = Ω(A/K)
as fractional ideals up to primes dividing N .
In view of the hypothesis (4) on Galois image, both Aχ(K) and A
∨
χ−1 (K) have no non-trivial p0-torsion
point.
From ([38, (12)]), we recall that
ordp0
(
8π2(φ, φ)
ΩA(f, f)
)
= ordp0(
∏
ℓ|N−
cℓ).
The proposition thus follows by noting that
ordp0
(∏
v
cv(Aχ)
)
= ordp
∏
ℓ|N−
cℓ
∏
ℓ|N+,χ|Dℓ=1
c2ℓ
 .

We have the following immediate consequence.
Corollary 2.19. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field. Let
K be an imaginary quadratic field and χ an unramified finite order anticyclotomic Hecke charcater over
K as above. Let N = N+N− where l|N+ (resp. l|N−) if and only if l|N and split in K (resp. non-split
in K). Let p be a prime and p0|p a prime of Lφ. Suppose that the following holds.
(1) (N,DK) = 1,
(2) N− is square-free with odd number of prime factors,
(3) p ∤ 6NDK · hK and
(4) The Galois representation ρA,p0 has maximal image and the residual representation ρ is ramified
at ℓ|N− with ℓ2 ≡ 1 mod p.
For all primes p|p0 of L = Lφ(χ), the p-part of BSD holds for the Serre tensor Aχ whenever the toric
period Pf (χ) is a p-unit.
3. Heegner Points
In this section, we consider Heegner points arising from a Shimura curve associated to an indefinite
quaternion algebra over the rationals. In §3.1, we introduce the setup. In §3.2, we recall generalities
regarding CM points on a Shimura curve. In §3.-3.4., we prove horizontal p-indivisibility of Heegner
points. In §3.5 and §3.6, we deduce the consequences of the p-indivisibility for Tate–Shafarevich group
and analytic Sha, respectively.
3.1. Setup. In this subsection, we introduce the setup regarding Heegner points.
Let φ ∈ S2(Γ0(N)) be a newform with weight 2 and level Γ0(N) for N ≥ 3. In particular, we consider
newforms with trivial central character. Let Lφ denote the Hecke field corresponding to the newform φ.
Let B be an indefinite quaternion algebra over Q such that there is an irreducible automorphic
representation πB on B
×
A whose Jacquet-Langlands correspondence is the automorphic representation
associated to φ. Recall BA = B ⊗Q A.
Let S = Supp(N∞). Let K0,S ⊂ BS be a QS-subalgebra such that K0,∞ = C and K0,v/Qv is
separable quadratic. For any v ∈ S, we say that v is non-split if K0,v is a field and split otherwise. Let
U0,S :=
∏
v∈S, v split
O×K0,v ×
∏
v∈S, v non-split
K×0,v.
Suppose we are given a finite order character χ0,S : U0,S −→ Q
×
with conductor one such that the
following holds.
(LC1) ω · χ0,S
∣∣
Q
×
S
∩U0,S
= 1.
(LC2) ǫ(φ, χ0,v)χ0,vηv(−1) = ǫ(Bv) for all places v|N with the local root number ǫ(φ, χ0,v) correspond-
ing to the Rankin–Selberg convolution.
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Fix a maximal order R(S) of B
(S)
A
∼= M2(A
(S)). Let U (S) = R(S)×. Note that U (S) is a maximal
compact subgroup of B
(S)×
A
∼= GL2(A
(S)).
Let p be an odd prime such that p ∤ N . As in the introduction, we fix an embedding ιp : Q →֒ Cp.
Let vp be a p-adic valuation. Let F be an algebraic closure of Fp.
Let ΘS denote the set of imaginary quadratic extensions as in Definition 2.1. Recall that there exist
infinitely many imaginary quadratic extensions K/Q with K ∈ ΘS ([7], [51] and [1]). For K ∈ ΘS, we
fix a torus embedding ιK as in §2.1.
For each K ∈ ΘS , let XK,χ0,S denote the set of finite order characters χ over K as in Definition 2.2.
Recall that the conductor of χ equals one. Moreover, we have
(RN) ǫ(φ, χ) = −1.
Here ǫ(φ, χ) denotes the global root number of the Rankin–Selberg convolution corresponding to the pair
(φ, χ).
In the rest of the section, we let Θ = ΘS and XK = XK,χ0,S .
Lemma 3.1. The set XK is non-empty for all but finitely many imaginary quadratic fields K with
K ∈ Θ. Moreover, it is a homogenous space for the class group ClK .
Proof. The same argument as in the proof of Lemma 2.3 applies. 
Let A = Aφ be an abelian variety over Q associated to φ such that OLφ ⊂ End(A).
As in [52], we have the representation of B
(∞),×
A over the field M := End
0(A/Q) given by
πB = lim
−→
U⊂B
(∞),×
A
Hom0ξ(XU , A).
Here ξ is a Hodge class on X = lim
←−U
XU . Recall that
πB ⊗M C ≃ πB,f
for πB,f being the finite part of πB .
Let O be the ring of integers of the field Q(φ, χ0,S) generated over Q by the Hecke eigenvalues of φ
and the values of χ0,S . Let p be the prime ideal of O corresponding to ιp. Let O(p) be the localisation
of the integer ring O at the prime ideal p.
We have the following existence of toric test vectors.
Lemma 3.2. There exists a non-zero form f ∈ πB defined over O(p) satisfying the following.
(F1) The subgroup U0,S acts on f via χ0,S and
(F2) f ∈ πU
(S)
B .
Proof. The same argument as in the proof of Lemma 2.4 applies. 
Note that, f is spherical outside S.
We further normalise f to be p-primitive in the sense arising from geometric definition of modular
forms (§3.2.2).
Let U be an open compact subgroup of B
(∞),×
A such that U = USU
(S) with US ⊂ B
×
S and US =∏
v∈S Uv such that
(L1) f ∈ πUB and
(L2) O×0,v ⊂ Uv for all v ∈ S\{∞}.
Let XU be the corresponding Shimura set of level U . As a modular parametrisation, f corresponds
to a morphism
f : XU → A⊗Oφ O
and it maps the Hodge class ξ to the identity element. Here A⊗Oφ O denotes the Serre-tensor. We may
also regard f as a Z(p)-valued weight two modular form at CM points on the Shimura curve XU . For
generalities on CM points, we refer to §3.2.
Let f (p) be the corresponding p-depletion. Let d be the Katz p-adic differential operator. In view of the
p-adic Waldspurger formula ([3] and [29]), the CM values of weight zero p-adic modular form d−1(f (p))
are closely related to p-adic logarithm of Heegner points arising from CM points on the Shimura curve.
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3.2. Shimura curve. In this subsection, we briefly describe generalities on Shimura curves, modular
forms, CM points and the underlying Igusa tower. For a detailed treatment, we refer to [23, Ch. 7] and
[9, §2].
As in §3.1, p denotes an odd prime and F an algebraic closure of Fp. Let W denote the Witt ring
W (F). Let W be the strict Henselisation of Z(p) given by ι
−1
p (W ).
3.2.1. Shimura curve. We describe generalities regarding Shimura curves.
Let B/Q be an indefinite quaternion algebra as in §3.1. In particular, p ∤ disc(B). Let (XU )U
be the corresponding tower of Shimura curves indexed by open compact subgroups U ⊂ B
(∞),×
A and
X = lim
←−U
XU the underlying Shimura variety.
We recall the following ([17]).
Theorem 3.3. Let the notation and assumptions be as above.
(1). For a sufficiently small level U , the Shimura curve XU admit a smooth canonical model over the
rationals.
(2). For a sufficiently small level U prime to p, the Shimura curve XU/Q admits a smooth p-integral
model XU/Z(p) .
We also recall that XU represents a moduli functor classifying a class of elliptic curves or abelian
surfaces with level U -structure. The difference in the moduli functors depends on whether B is split.
For a description of the moduli problem, we refer to [9, §2.2]. Let fU : AU → XU/Z(p) be the universal
abelian scheme.
For level U as in §3.1, the Shimura curve XU/Q admits a p-integral model smooth at CM points with
complex multiplication by OK . This follows from the hypothesis (L2) and part (iv) of Definition 2.1.
In what follows, we fix a sufficiently small level U prime to p unless otherwise stated.
3.2.2. Modular forms. We briefly describe the notion of geometric modular forms.
For an odd prime p, let A be a Z(p)-algebra. A weight two, p-integral modular form with level U over
A is an element of H0(XU/A,LU/A) for a line bundle LU/Z(p) on the Shimura curve XU/Z(p) ([21] and
[22]).
When A is nothing but O(p) for O an integer ring of a number field and p a prime above p in O, we
say that a modular form over A is p-primitive if its image in H0(XU/Fp ,LU/Fp) is non-zero. Here Fp
denotes the residue field of O at the prime p.
3.2.3. CM points. We describe generalities on CM points.
We identify A×K as a subgroup of B
×
A under the embedding ιK : K →֒ B for an imaginary quadratic
field K as in §3.1. Let U be an open compact subgroup of B
(∞),×
A as in §3.1 satisfying (L1) and (L2).
As ιK(OK) ⊂ U , the choice of embedding ιK gives rise to a map
ϕK : ClK → XU/Q.
For σ ∈ ClK , let xσ ∈ XU/Q be the corresponding point on the Shimura curve. This is usually referred
as a CM point on the Shimura curve. In what follows, the map ϕK plays an underlying role.
We now suppose that K is an imaginary quadratic field as above such that
(ord) p splits in K.
Based on the CM theory of Shimura–Taniyama–Weil and the hypothesis (ord), we have the following
([9, §2.4]).
Lemma 3.4. Let the notation and assumptions be as above. Then, the CM points xσ correspond to
p-ordinary CM abelian varieties. Moreover, the CM points xσ are defined over the Henselisation W.
In view of the lemma, we can consider the mod p reduction xσ/F ∈ XU/F of the CM point xσ. We
have the following key proposition based on the Serre–Tate deformation theory.
Proposition 3.5. Let the notation and assumptions be as above. For σ, τ ∈ ClK , we have
xσ/F = xτ/F ⇐⇒ σ = τ.
Proof. For simplicity, let us consider the case when the quaternion B is split.
The condition (ord) guarantees a categorical equivalence between ordinary CM elliptic curves over
the Witt ring W and ordinary elliptic curves over F ([23, §6.3]). The equivalence is via the canonical lift
in the deformation space over W .
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For σ ∈ ClK , recall that the CM point xσ is defined over W , in particular over W . It is thus the
canonical lift of xσ/F. This finishes the proof.

3.2.4. Igusa tower. We describe generalities on the Igusa tower.
Let U be a sufficiently small level prime to p as in §3.2.1 and XU/Z(p) corresponding Shimura curve.
Let XordU/W be the p-ordinary locus. Adding p
∞-level structure to the moduli problem corresponding to
the Shimura curve on the ordinary locus, we obtain an e´tale Igusa tower
π : Ig → XordU/W
([9, §2.5]). Here we only mention that this amounts to trivialise the connected component AU [p
∞]◦ or
equivalently the e´tale quotient AU [p
∞]et of the p-divisible group AU [p
∞].
For an imaginary quadratic field K satisfying (ord), recall that xσ ∈ X
ord
U/W for σ ∈ ClK . In view of
(ord), the p∞K -divisible subgroup of the p-divisible group corresponding to xσ gives rise to a canonical
point in the Igusa tower above xσ. Here pK denotes the prime ofK above p determined via the embedding
ιp. By abuse of notation, let xσ also denote a point in the Igusa tower lying over the CM point.
For a W -algebra B, recall that a p-adic modular form g over B with tame level U is given by
g ∈ H0(Ig/B,OIg/B).
Here we mention that the geometric theory of p-adic modular forms plays an essential role in the p-
indivisibility of Heegner points.
Regarding non-constancy of a mod pmodular form on the Igusa tower, we have the following immediate
consequence of Proposition 3.5 and the Brauer-Siegel lower bound for the size of class groups.
Corollary 3.6. Let g be a non-constant p-adic modular form over F with weight zero and tame level U .
For c ∈ F, the size of the CM fiber {
xσ
∣∣∣σ ∈ ClK , g(xσ) = c}
is bounded independent of K.
This corollary plays a key role in the mod p non-vanishing of toric periods of a p-adic modular form.
3.3. Non-vanishing. In this subsection, we prove the horizontal mod p non-vanishing of toric periods
of a p-adic modular form on a Shimura curve.
Let the notation and assumptions be as in §3.1. In particular, f is a weight two modular form on the
Shimura curve XU and f
(p) the p-depletion. Let g the weight zero p-adic modular form given by
g = d−1(f (p)).
Let Θ be the set of imaginary quadratic fields as in §3.1. Let K ∈ Θ. For σ ∈ ClK , let xσ ∈ Ig/W be
the corresponding CM point as in §3.2.4. For χ ∈ ĈlK , let Pg(χ) be the toric period given by
(3.1) Pg(χ) =
1
hK
·
∑
σ∈ClK
χ(σ)−1g(xσ).
Note that g is defined over a finite flat discrete valuation ring W ′ over the Witt ring W =W (F) as a
p-adic modular form. Here F denotes an algebraic closure of Fp. Let g denote the reduction of g modulo
the maximal ideal of the local ring W ′.
As g is p-integral and p ∤ hK , the period Pg(χ) is p-integral. More precisely, Pg(χ) ∈ W
′[χ] as the
underlying CM points are defined overW . HereW ′[χ] denotes the extension ofW ′ obtained by adjoining
the values of χ. Note that the period possibly depends on the choice of the torus embedding ιK .
Remark 3.7. (1). For χ ∈ ĈlK , the non-vanishing of Pg(χ) implies that χ ∈ XK . This follows from g
being χ0,S-toric (part (1) of Lemma 3.8). The observation will be used in the proof of Theorem 3.9.
(2). We restrict to newforms with trivial central character and unramified Hecke characters over the
imaginary quadratic fields for simplicity.
Let p0 be the prime above p in the Hecke field Lφ corresponding to the newform determined via the
embedding ιp. Let ρφ,p0 : GQ → GL2(Lφ,p0) be the corresponding p-adic Galois representation. Let ρφ,p0
be the reduction modulo p0.
We have the following lemma regarding g.
Lemma 3.8. Let the notation and assumptions be as above.
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(1). The p-adic modular form g is χ−10,S-invariant under the action of K
×
0,S.
(2). Assume that the mod p Galois representation ρφ,p0 associated to the newform φ is absolutely
irreducible. Then the weight zero p-adic modular form g is non-constant modulo p.
Proof. For the first part, note that the p-depletion only changes the Hecke action at p. In particular, the
action of K0,S is unchanged. As
d−1(f (p)) = lim
j→0
d−1+j(f (p))
and each d−1+j(f (p)) is χ−10,S-invariant under K
×
0,S , this finishes the proof.
For the second part, we first recall the non-constancy of the p-depletion f (p) under irreducibility of the
underlying mod p Galois representation ([9, Prop. 5.3]). Recall that the p-adic differential operator acts
as t ddt on the t-expansion of a p-adic modular form around a CM point. The non-constancy of d
−1(f (p))
thus follows. Here t denotes the Serre–Tate co-ordinate of the deformation space around the CM point
([9, §3.1]). 
Our main result regarding the mod p non-vanishing of toric periods is the following.
Theorem 3.9. Let φ ∈ S2(Γ0(N)) be a newform. Let p ∤ N be a prime such that
(irr) the mod p Galois representation ρφ,p is absolutely irreducible.
Let f be a toric test vector on an indefinite quaternion algebra as above, f (p) the corresponding p-depletion
and g = d−1(f (p)) with d being the Katz p-adic differential operator. Let Θ = ΘS be the set of imaginary
quadratic fields as above. For K ∈ Θ, let XK be the set of finite order Hecke character over K as in
Definition 2.2. For χ ∈ XK , let Pg(χ) be the toric period corresponding to the pair (g, χ).
For ǫ > 0, we have
#
{
χ ∈ XK
∣∣∣ vp(Pg(χ)) = 0}≫ǫ log(|DK |)1−ǫ.
as K ∈ Θ varies over imaginary quadratic fields with
(ord) p split.
Proof. Recall that g is a function on the Igusa tower Ig defined over W ′ and g its reduction modulo
the maximal ideal of W ′. Note that g is a function on the mod p Igusa tower IgF. In view of the map
ϕK : ClK → Ig, we may regard g and g as functions on the abelian group ClK .
The approach is based on the Fourier analysis on ClK and its relation to the mod p Igusa tower IgF.
To begin with, the toric periods Pg(χ) modulo mχ equal the χ-th Fourier coefficients of the function
σ 7→ g(xσ) mod m
′
on the finite abelian group ClK . Here mχ (resp. m
′) is the maximal ideal of W ′[χ] (resp. W ′). Here
W ′ denotes a finite flat extension of W and W ′[χ] its extension obtained by adjoining the values of χ as
above. Let m denote the maximal ideal of W .
In what follows, we thus consider Fourier analysis of the function
g : ClK → F
and its variation for K ∈ Θ. As p ∤ hK , the Fourier inversion works as usual.
Let us first consider the non-vanishing of at least one twist. In view of the Fourier inversion, it suffices
to show that
(3.2) g(xσ) 6= 0.
for at least one σ ∈ ClK for all but finitely many K ∈ Θ. By abuse of notation, xσ denotes the reduction
of the CM point xσ modulo m.
In view of Proposition 3.5 and the Brauer–Siegel lower bound, the number of CM points{
xσ
∣∣∣σ ∈ PicK,c} ⊂ IgF
increases with the discriminant of K. Thus, the p-primitivity of g readily implies 3.2 (part (2) of Lemma
3.8).
We now consider the growth in the number of non-vanishing twists. Suppose that there exists a
positive integer ℓK such that exactly ℓK − 1 of the toric periods Pg(χ) are non-vanishing modulo mχ, for
K with sufficiently large discriminant. Let
ΞK = {χK,1, ..., χK,ℓK−1}
be the set of the non-vanishing modulo mχ twists.
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From Shimura’s reciprocity law,
Pg(χ) 6= 0 ⇐⇒ Pg(χσ) 6= 0
for σ ∈ Gal(F/Fp(φ, χ0,S)). Here “·” denotes the reduction modulo a prime ideal above p determined
via the embedding ιp. We conclude that ΞK is invariant under the action of Gal(F/Fp(φ, χ0,S)).
Let CK ⊂ ĈlK the subgroup generated by these characters and let HK ⊂ ClK be the orthogonal
complement of CK . The orthogonal complement is with respect to the pairing on ĈlK and its character
group. Recall that |HK | = |ClK |/|CK |.
In view of the Fourier inversion on ClK and the hypothesis on the periods, we have
(3.3) g(xσ) =
ℓK−1∑
i=1
cK,iχK,i(σ).
Here cK,i ∈ F are the Fourier coefficients possibly dependent on K and determined by the pairs (g, χK,i).
From the above formula on HK , it follows that g is constant on HK . In view of part (2) of 3.8 and
Corollary 3.6, there exists a constant c such that
|HK | < c
as |DK | → ∞.
In particular,
|CK | ≫ǫ′ |DK |
1
2−ǫ
′
for ǫ′ > 0.
From the Galois-stability of ΞK and Lemma 2.9, we conclude
ℓK ≫ǫ log(|DK |)
1−ǫ
for any ǫ > 0.
This finishes the proof. 
Remark 3.10. Under the assumptions in Theorem 3.9, it seems tempting to predict
#
{
χ ∈ XK
∣∣∣ vp(Pg(χ)) = 0}≫ǫ |ClK |1−ǫ
for any ǫ > 0.
3.4. p-indivisibility of Heegner points. In this subsection, we prove the horizontal p-indivisibility of
Heegner points based on the horizontal mod p non-vanishing of toric periods.
Let the notation and assumptions be as in §3.1. In particular, we have modular parametrisation
f : XU → Aφ ⊗Oφ O for the Shimura curve XU and the abelian variety Aφ associated to a newform
φ ∈ S2(Γ0(N)). For choice of a base point for Albanese map of the Shimura curve XU into its Jacobian,
we follow [54, Rem. 6]. Here we only remark that existence of such a normalisation follows from
maximality of the p-adic Galois representation ρφ,p associated to φ.
In what follows, we choose the parametrisation f to be (Oφ, pφ)-optimal as in [54, §3.7]. Here pφ
denotes the prime of Oφ above p arising from the embedding ιp.
Recall, Θ denotes the set of imaginary quadratic fields in §3.1. For K ∈ Θ, XK denotes the set of finite
order Hecke character over K as in Definition 2.2. For σ ∈ ClK , we have the same CM point xσ ∈ XU/Q
(§3.2.3). Let χ ∈ XK . Associated to the pair (f, χ), we have Heegner point Pf (χ) given by
(3.4) Pf (χ) :=
∑
σ∈ClK
χ(σ)−1f(xσ)
We have the following immediate.
Lemma 3.11. Let the notation and assumptions be as above. Then,
Pf (χ) ∈ A(Hχ)
for the extension Hχ/K cut out by χ and A = Aφ ⊗Oφ O.
Fundamental p-adic invariants associated to a Heegner point are its p-adic height and p-adic loga-
rithm. Regarding the p-adic logarithm of the Heegner point, we have the following fundamental p-adic
Waldspurger formula due to Bertolini–Darmon–Prasanna ([3], [4]), Brooks ([6]) and Liu–Zhang–Zhang
([29]).
23
Theorem 3.12. Let φ ∈ S2(Γ0(N)) be a newform. Let p ∤ N be a prime and ap(φ) the corresponding
Hecke eigenvalue. Let f be a toric test vector on an indefinite quaternion algebra as above and g =
d−1(f (p)) with d being the Katz p-adic differential operator. Let K/Q be an imaginary quadratic extension
with p-split. Let pK be the prime above p in K determined via the embedding ιp and pK its conjugate.
Let χ be a finite order unramified Hecke character over K as above. Let Pf (χ) be the Heegner point
corresponding to the pair (f, χ).
Then, we have
hK · Pg(χ) = (1− χ
−1(pK)p
−1ap(φ) + χ
−2(pK)p
−1) logωf (Pf (χ))
for the p-adic logarithm logωf (·).
Proof. This is essentially proven in [3]. We recall the steps and refer to [3, §3] for details.
Note that
(3.5) Tp(f) = ap(φ)f, 〈p〉(f) = f
for 〈p〉 being the diamond operator associated with p. Indeed, this follows from the construction of the
toric test vector φ in §3.1.
Let Ff the Coleman primitive of the differential ωf associated with f ([3, §3.7 and §3.8]). In view of
[3, Lem. 3.23 and Prop. 3.24], we have
Ff (xσ) = g(xσ)− ap(φ)g(pK ∗ xσ) +
1
p
g(p2K ∗ xσ).
For the “ ∗ ”-action on the set of CM points, we refer to [3, (1.4.8)].
From [3, Lem. 3.23] and [4, Thm. 3.12], we have
Ff (xσ) = logωf (f(xσ)).
The summation of the above identity over σ ∈ ClK along with 3.5 and [3, Proof of Thm. 5.13] finishes
the proof.

Remark 3.13. Based on Waldspurger formula, the left hand side of the above formula turns out to be a
value of an anticyclotomic Rankin–Selberg p-adic L-function outside its interpolation range ([3], [6] and
[29]). However, the above version only relies on Coleman integration and it suffices for our application
to p-indivisibility of Heegner points.
In view of the p-adic Waldspurger formula and the p-indivisibility of toric periods (Theorem 3.9), we
have the following p-indivisibility of Heegner points.
Theorem 3.14. Let φ ∈ S2(Γ0(N)) be a non-CM newform. Let p ∤ N be a prime such that
(irr) the mod p Galois representation ρφ,p is absolutely irreducible.
Let Aφ be the corresponding GL2-type abelian variety such that OLφ ⊂ End(A). Let K be an imaginary
quadratic field with K ∈ Θ for Θ as above. Let χ be a finite order Hecke character over K as above. Let
p the prime above p of the coefficient field L corresponding to the fixed embedding ιp. Let Pf (χ) be the
Heegner point corresponding to the pair (f, χ).
For ǫ > 0, we have
#
{
χ ∈ XK
∣∣∣Pf (χ) p-indivisible in A(Hχ) }≫ǫ log(|DK |)1−ǫ
as K varies over imaginary quadratic fields with
(ord) p split.
Proof. Recall that p is unramified in the anticyclotomic extension Hχ. In view of Lemma 3.11 and
the p-integrality of normalised p-adic logarithm, the p-indivisibility thus follows from Theorem 3.9 and
Theorem 3.12. 
Remark 3.15. Based on Jochnowitz congruence ([46] and [2]), above theorem can be deduced from
Theorem 2.7 for variation over imaginary quadratic fields satisfying extra hypothesis that there exists a
fixed prime inert in them.
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3.5. Tate–Shafarevich groups II. In this subsection, we describe bounds for the Tate–Shafarevich
group in the analytic rank one case in terms of a Heegner points based on an analysis Euler system of
Heegner points due to Kolyvagin ([28]) as refined by Nekova´rˇ ([37]).
Let the notation be as in §3.1. In particular, Lφ denotes the Hecke field of the newform φ ∈ S2(Γ0(N)).
Let π the cuspidal automorphic representation of GL2(A) corresponding to the newform φ so that we
have the equality
L(s, π) = L(s, φ)
of complex L-functions. Let A be a GL2-type abelian variety over Q associated to φ such that OLφ ⊂
End(A).
Let B be a indefinite quaternion algebra and χ ∈ XK a character over an imaginary quadratic field
K as in §2.1. Recall that f is a toric form on B×A and U ⊂ (B
(∞)
A )
× the level corresponding to f . We
have the underlying Heegner point Pf (χ) ∈ A(Hχ).
In the rest of this subsection, let L = Lφ,χ. Let Aχ = AK ⊗OLφ OL be the Serre tensor where the
absolute Galois group GK acts on OL via χ. In regards to certain aspects of the arithmetic corresponding
the pair (A,χ), it turns out that Aχ is a relevant abelian variety.
The main result of this subsection regarding the Tate–Shafarevich group of the Serre tensor Aχ is the
following.
Proposition 3.16. Let φ ∈ S2(Γ0(N)) be a non-CM newform. Let K/Q be an imaginary quadratic
extension and χ an unramified finite order Hecke character over K as above. Let p be a prime and pφ
(resp. p) the prime above p of the coefficient fields Lφ (resp. L) corresponding to the fixed embedding
ιp. Let A be an abelian variety corresponding to φ such that OLφ ⊂ End(A). For ℓ|N , let cℓ be the
corresponding Tamagawa number. Suppose that the following holds.
(1) The p-adic Galois representation ρA,pφ has maximal image,
(2) p ∤ 6N · (
∏
ℓ cℓ) · hK,
(3) There exists a polarisation ϕ : A→ A∨ with p ∤ deg(ϕ) for A∨ the dual abelian variety.
(4) The Heegner point Pf (χ) is p-indivisible with f the p-primitive toric form in last subsection.
Then,
X(Aχ/K)[p
∞] = 0 for |DK | ≫ 0.
As p ∤ hK , we also have
X(A/HK)
χ[p∞] ∼= X(Aχ/K)[p
∞] = 0 for |DK | ≫ 0.
Proof. When the Heegner point Pf (χ) is non-torsion and pχ-indivisible, the Kolyvagin method to bound
X(Aχ/K)[p
∞] shows that
pCχX(Aχ/K)[p
∞] = 0
for a non-negative integer Cχ ([36, 7.5.3 & 7.6.5]). The constant Cχ possibly depends on p.
Under the hypotheses (1)–(3), we show that
Cχ = 0
for all χ ∈ XK as |DK | ≫ 0.
In the following exposition, we suppose some familiarity with [36, §2].
Strictly speaking, the approach is slightly different which we now describe. Let O = Op and M a
positive integer with hL|M .
Let SelM,χ be the classical Selmer group Sel(Aχ/Hχ, p
M ) for pM -descent on the abelian variety Aχ.
Multiplication by pM along with a choice of generator of pM gives rise to the Kummer exact sequence
0→ Aχ(Hχ)/p
M δ−→ SelM,χ →X(Aχ/Hχ)[p
M ]→ 0.
Let ̟ ∈ OL be a uniformiser corresponding to p. Let
κ = ̟C1δ(Pf (χ)) ∈ SelM,χ
for a non-negative integer C1 considered below. Then, there exists a non-negative integer Cχ such that
pCχ(SelM,χ/O · κ) = 0.
Under the hypotheses (1)–(3), we show that
C1 = Cχ = 0
for all χ ∈ XK as |DK | ≫ 0. It would then follow
X(Aχ/Hχ)[p
∞] = 0.
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In view of the description of C1 and Cχ, we consider the following.
(i) For a finite place v of Hχ, let A˜χ,v be the special fiber of the Ne´ron model of Aχ over OHχ at
v. Let π0(A˜χ,v) be the OL-module of the connected components of A˜χ,v. Let C1,v be smallest
non-negative integer such that
pC1,vπ0(A˜χ,v)p = 0.
Let
C1 = max
v
C1,v.
In view of the hypothesis (2), we have
C1 = 0
([36, 7.2.1]).
(ii) As in the proof of Proposition 2.12, we also have
Im(OL,p[GHχ ]→ EndOL,p(Aχ[p
∞])) =M2(OL,p)
for p > 3 and |DK | ≫ 0.
In the notation of [36], we thus have C3 = 0.
(iii) Let M0 be the constant in [36, 5.1]. Let HM,χ = Q(A[p
M+M0 ])Hχ and UM = Gal(HM,χ/Hχ).
Let Res : H1(Hχ, A[p
M ])→ H1(HM,χ, A[p
M ])UM be the restriction map. Based on the proof of
(iv) in the proof of Proposition 2.12, we have
ker(Res) = 0.
for p > 3 and |DK | ≫ 0.
In the notation of [36], we thus have C3 = 0.
(iv) As p ∤ hK , we have C4 = C5 = 0 in the notation of [36].
(v) In view of our hypothesis p ∤ deg(ϕ), we have C6 = 0 in the notation of [36].
We now recall
Cχ = 2C1 + 4C2 + 4C3 + C5 + C6.
if χ2 = 1 and
Cχ = 4C1 + 7C2 + 7C3 + 5C4 + 2C5 + 2C6.
otherwise ([36, 7.5.3 & 7.6.5]).
We thus conclude
Cχ = 0
for all χ ∈ XK such that |DK | ≫ 0 ([37, 2.9.6]). This finishes the proof for X(Aχ).
In view of [30], the rest follows for X(A/HK) from the result for the Serre tensor Aχ. 
Remark 3.17. Based on an analysis of Euler system method for Heegner points, it may be checked that
there exists a constant C such that
#X(Aχ)[p
∞]
∣∣∣∣pC+vp(Pf (χ))
for all χ ∈ X−K as |DK | ≫ 0. Here vp(Pf (χ)) measures the p-divisibility of the Heegner point Pf (χ). In
this sense, the Heegner points control the size of the Tate-Shafarevich groups.
3.6. Analytic Sha II. In this subsection, we describe bounds for analytic Sha in the analytic rank one
case in terms of a Heegner point based on an analysis of explicit Waldspurger formula due to Cai–Shu–
Tian ([13]). The consideration along with the main result in §3.5 leads us to establish the p-part of
corresponding Birch and Swinnerton-Dyer conjecture for a class of primes p.
Let the notation and assumptions be as in §3.1. In particular, A denotes a GL2-type abelian variety
over the rationals corresponding to a weight two newform φ ∈ S2(Γ0(N)) and χ a finite order Hecke
character over an imaginary quadratic field K such that
ǫ(A,χ) = −1
((RN)). Moreover, Aχ denotes the Serre tensor of A by χ which is an abelian variety over K with
OL ⊂ End(Aχ).
Recall that, we refer to L(Aχ) in §2.3 as the analytic Sha of Aχ.
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In this subsection, we consider the BSD conjecture in the analytic rank one case. We thus suppose
that
L′(1, Aχ) 6= 0.
To introduce an explicit Gross–Zagier formula, we begin with some notation. Let B be a definite
quaternion algebra as in §3.1. Let R ⊂ B be an order as in [13, §1.1]. Recall that f is a toric form on
B×A and U ⊂ (B
(∞)
A )
× the level corresponding to f . Let XU be the corresponding Shimura curve. Let
N = N+N− for N+ (resp. N−) precisely divisible by split (resp. non-split) primes in the extension
K/Q. Recall that S denotes the set of prime divisors of N∞.
For any fi ∈ π
B factoring through XU with i = 1, 2 (§3.1), we put
〈f1, f2〉 =
1
vol(XU )
deg((f2 ◦ τB)
∨ ◦ f1).
Here a canonical polarisation is used on the Jacobian and τB ∈ NB̂×(R̂
×) such that
• for ℓ|N+, τB,ℓ ∈ NB×
ℓ
(R×ℓ ) \Q
×
ℓ R
×
ℓ the Atkin–Lehner operator;
• for ℓ|N−, τB,ℓtℓ = tℓτB,ℓ for any tℓ ∈ K
×
ℓ where tℓ is the Galois conjugate of tℓ.
• for ℓ ∤ N , τB,ℓ = 1.
We consider another pairing ( , )R̂× is given by
(f1, f2)R̂× =
1
vol(XU )
deg(f∨2 ◦ f1).
From [13, Thm. 1.5], we have an explicit Gross–Zagier formula given by
L′(1, Aχ) = 2
−#ΣD+2 ·
8π2(φ, φ)Γ0(N)
[O×K : Z
×]2
√
|DK |2
·
〈Pf1(χ), Pf2 (χ
−1)〉
(f1, f2)R̂×
.
Here ΣD =
{
ℓ
∣∣ℓ|(N,DK)}, f1 ∈ V (πB, χ) and f2 ∈ V (πB , χ−1) are non-zero vectors. For the definition
of V (πB , χ), we refer to [13, Def. 1.7]. Here we only mention that f1 can be taken to be the toric form
f as in §3.1.
In the analytic rank one case, the analytic Sha of Aχ is thus given by
L(Aχ) =
π2(φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
〈Pf1(χ), Pf2 (χ
−1)〉
(f1, f2)R̂×
·
Fitt(Aχ(K)tor)Fitt(A
∨
χ−1(K)tor)
2#ΣD−5 · [O×K : Z
×]2 ·
∏
v Fitt(cv(Aχ))
.
We have the following key proposition regarding the variation of the p-part of analytic Sha in terms
of Heegner points.
Proposition 3.18. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field.
Let A be an abelian variety corresponding to φ such that Oφ ⊂ End(A).
There exists a finite set ΣA of primes of Oφ only dependent on A, such that for any prime p0 /∈ ΣA
of Oφ and any χ ∈ X with L
′(1, Aχ) 6= 0, the ideal
L(Aχ)
[Aχ(K) : Oφ,χPf (χ)]2
is coprime to p0. Here f is the χ0,S-toric vector as in last subsection. In particular, if Pf (χ) is a
p-indivisible, then L(Aχ) is a p-unit as long p lies above some p0 /∈ ΣA.
Proof. Let f ′1 = f be a p-minimal toric test vector satisfying (F1) and (F2) in §3.1. Let J ∈ B be
analogue of the construction in [14, §2.1]. Let f ′2 the J-translate of f
′
1 given by
f ′2(x) = f
′
1(xJ).
Locally, f ′2 differs from f
′
1 only at the places dividing N . We have
Pf ′1(χ), Pf ′2 (χ
−1) ∈ Aχ(K).
Let α : A→ A∨ be an isogeny. It gives rise to an isogeny α : Aχ → A
∨
χ−1 . Note that
Pα◦f ′2(χ
−1) = α ◦ Pf ′1(χ).
We now recall the S-version of Gross–Zagier formula in [13, Thm. 1.6]. It states that
L′(1, φ, χ) = 2−#ΣD+2 · C∞ ·
〈φ0, φ
0
〉U0(N)
[O×K : Z
×]2
√
|DK |
·
〈Pf ′1 (χ), Pf ′2(χ
−1)〉
〈f ′1, f
′
2〉R̂×
·
∏
v∈S\{∞}
β0(f1,v, f2,v)
β0(f ′1,v, f
′
2,v)
.
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Here φ0 is a normalised new vector fixed by level U1(N) and the pairing 〈·, ·〉U0(N) is as in [13, §1.3].
Further, f1 = f ∈ V (πB , χ) and f2 ∈ V (πB , χ
−1) are non-zero vectors, the local pairing β0(·, ·) is as in
[13, Thm. 1.6] and C∞ denotes the constant in [13, Thm. 1.8].
It follows that the analytic Sha is given by
L(Aχ) =
C∞ · (φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
〈Pf ′1(χ), Pf ′1 (χ)〉Aχ
(f1, f2)R̂×
·
Fitt(Aχ(K)tor)Fitt(A
∨
χ−1 (K)tor)
2#ΣD−5[O×K : Z
×]2 ·
∏
v Fitt(cv(Aχ))
·
∏
v∈S\{∞}
β0(f1,v, f2,v)
β0(f ′1,v, f
′
1,J,v)
.
Here 〈·, ·〉A is the pairing given by 〈P,Q〉A = 〈P, α(Q)〉.
We now discuss horizontal variation of the terms in the right hand side of the above expression
except the Heegner point. It suffices to show that the terms have bounded prime divisors as the pair
(K,χ)-varies.
Note that the terms are identical to the ones appearing in the proof of Proposition 2.15 for analytic
Sha in the analytic rank zero case.
In view of the expression for the analytic Sha, we thus finish the proof. 
Along with Proposition 3.16, we have the following immediate consequence for the BSD.
Corollary 3.19. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field. Let
A be an abelian variety corresponding to φ such that Oφ ⊂ End(A).
There exists a finite set Σ′A of primes of Oφ only dependent on A, such that the following holds. For
any prime p0 /∈ Σ
′
A of Oφ and for χ ∈ X with the Heegner point Pf (χ) being a p-indivisible for p above
p0, the p-part of BSD holds for the Serre tensor Aχ as long as p ∤ hK for (p) = p0 ∩Q.
The exceptional set of primes ΣA in Proposition 3.18 admits an explicit description under mild hy-
pothesis.
Proposition 3.20. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field.
Let K be an imaginary quadratic field and χ an unramified finite order anticyclotomic Hecke charcter
over K as above. Let N = N+N− where l|N+ (resp. l|N−) if and only if l|N and split in K (resp.
non-split in K). Let p be a prime and p0|p a prime of Lφ. Suppose that the following holds.
(1) (N,DK) = 1,
(2) N− is square-free with even number of prime factors,
(3) p ∤ 6NDK,
(4) There exists an isogeny ϕ : A→ A∨ with p ∤ deg(ϕ) and
(5) The Galois representation ρA,p0 has maximal image and the residual representation ρA,p0 is
ramified at ℓ|N− with ℓ2 ≡ 1 mod p.
For all primes p|p0 of L = Lφ,χ, we then have
ordpL(Aχ) = 2 · ordp[Aχ(K) : Oφ,χPf1(χ)]− 2 ·
∑
ℓ|N+,χ|Dℓ=1
ordp(cℓ).
Proof. We first describe an explicit form of Gross–Zagier formula under the hypotheses that N− is
square-free with odd number of prime factors.
We have
L′(1, φ, χ) =
8π2(φ, φ)Γ0(N)
[O×K : Z
×]2
√
|DK |
〈Pf (χ), Pf (χ)〉Aχ
〈f, f〉
χ−1N+(N
+).
Here the notation is as in the earlier part of this subsection. This follows from an analysis of an explicit
version in [13, §1.3]. As the proof is analogous to the proof of explicit version of the Waldspurger formula
in Proposition 2.18, we skip the details.
It thus follows that
L(Aχ) =
8π2(φ, φ)Γ0(N)√
|DK |2Ω(Aχ/K)
·
〈Pf (χ), Pf (χ)〉Aχ
〈f, f〉
· deg(ϕ) ·
Fitt(Aχ(K)tor)Fitt(A
∨
χ−1 (K)tor)∏
v Fitt(cv(Aχ))
· χ−1N+(N
+).
We now consider p-adic valuation of the terms in the right hand side of the above expression.
Under the hypotheses, the test vector f is nothing but the new vector. From [54, Proof of Lem. 10.1],
we thus have
ordp0
(
8π2(φ, φ)Γ0(N)
Ω(A/K)(f, f)
)
= ordp0(
∏
ℓ|N−
cℓ).
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The other terms in the above expression for analytic Sha except the one involving Heegner point are
identical to the ones appearing in the proof of Proposition 2.18. The proposition thus follows by noting
that
ordp0
(∏
v
cv(Aχ)
)
= ordp
∏
ℓ|N−
cℓ
∏
ℓ|N+,χ|Dℓ=1
c2ℓ
 .

Remark 3.21. As in [13], there is a striking resemblance among explicit Waldspurger formula and explicit
Gross–Zagier formula in our setup. Essentially, the terms other than the ones involving toric period and
Heegner point turn out to be identical.
We have the following immediate consequence.
Corollary 3.22. Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field. Let
K be an imaginary quadratic field and χ an unramified finite order anticyclotomic Hecke charcter over
K as above. Let N = N+N− where l|N+ (resp. l|N−) if and only if l|N and split in K (resp. non-split
in K). Let p be a prime and p0|p a prime of Lφ. Suppose that the following holds.
(1) (N,DK) = 1,
(2) N− is square-free with even number of prime factors,
(3) p ∤ 6NDK · hK,
(4) There exists an isogeny ϕ : A→ A∨ with p ∤ deg(ϕ) and
(5) The Galois representation ρA,p0 has maximal image and the residual representation ρA,p0 is
ramified at ℓ|N− with ℓ2 ≡ 1 mod p.
For all primes p|p0 of L = Lφ(χ), the p-part of BSD holds for the Serre tensor Aχ whenever the toric
period Pf (χ) is p-indivisible.
4. Main results
In this section, we describe the main results.
4.1. Torus embedding. In this subsection, we describe a result on the existence of a suitable torus
embedding into a quaternion algebra. The embedding plays a role in the proof of the main results in
§5.2.
Let us first introduce the setup.
Let φ ∈ S2(Γ0(N)) be a non-CM newform and Lφ the corresponding Hecke field. Let π the cuspidal
automorphic representation of GL2(A) corresponding to the newform φ so that we have the equality
L(s, π) = L(s, φ)
of complex L-functions. Let A the abelian variety corresponding to φ such that OLφ ⊂ End(A).
Let B be a quaternion algebra over Q such that there exists an irreducible automorphic representation
πB on B
×
A whose Jacquet-Langlands transfer is the automorphic representation π of GL2(A) associated
to φ.
Let S = Supp(N∞). Let K0,S ⊂ BS be a QS-subalgebra such that K0,∞ = C and K0,v/Qv is semi-
simple quadratic. Fix a maximal order R(S) of B
(S)
A
∼= M2(A
(S)). Let U (S) = R(S)×. Note that U (S) is
a maximal compact subgroup of B
×(S)
A
∼= GL2(A
(S)).
Lemma 4.1. Let K be an imaginary quadratic field with KS ∼= K0,S. Then, there exists an embedding
ι : K →֒ B such that
(i). ι(KS) = K0,S and
(ii). ι(ASK) ∩ U = ι(O
S
K).
Proof. Let ι0 : K →֒ B be an embedding such that
ι(ASK) ∩ U = ι(Ô
S
K).
For v ∈ S, we have ι(Kv) ≃ Kv. Thus, there exists bv ∈ B
×
v such that
b−1v ι(Kv)bv = K0,v.
Let bS = (bv)v∈S ∈ BS ⊂ B
×
A .
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In view of the choice of level U , strong approximation for the subgroup B1 ⊂ B× consisting of elements
with identity norm implies that
B×A = B
× · U
∏
v∈S
K0,v.
There exists b ∈ B̂× such that bS = bu with b ∈ B
× and u ∈ U
∏
v∈S K0,v. We can take ι to be
ιb0 := b
−1ι0b. 
Let p be an odd prime.
Definition 4.2. Let ΘS denote the set of imaginary quadratic fields K such that
(i) KS ∼= K0,S and
(ii) p ∤ hK .
For any imaginary quadratic field K with KS ∼= K0,S , we fix an embedding ιK as above from now.
4.2. Main results. In this section, we describe and prove the main results. The proof is essentially a
compilation of the results in §2, §3 and §4.1.
Let the notation and assumptions be as in §3.1. In particular, φ ∈ S2(Γ0(N)) is a non-CM newform
and Lφ the Hecke field. Let A be the corresponding abelian variety with OLφ ⊂ End(A).
Let p be an odd prime. As in the introduction, we fix the embeddings ι∞ : Q →֒ C and ιp : Q →֒ Cp.
For Θ in §4.1, let K ∈ Θ. For χ ∈ ĈlK , Let pχ be the prime above p of Lφ,χ determined via the
embedding ιp.
For χ ∈ ĈlK , let Aχ = AK ⊗Z Z[χ] denote the Serre tensor where the absolute Galois group GK acts
on Z[χ] via χ ([30]). Then Aχ is an abelian variety over K with the following properties:
X(Aχ/K)⊗Z Z[h
−1
K ]
∼= X(A/HK,c)
χ ⊗Z Z[h
−1
K ], L(s, Aχ) = L(s, A, χ) ∈ C⊗Q Lφ,χ.
Let L(Aχ) be the analytic Sha of Aχ (part (2) of Conjecture 2.11), which is conjectured to be a non-zero
integral ideal of Lφ(χ) as predicted by the BSD conjecture for the abelian variety Aχ over K.
Definition 4.3. A character χ ∈ ĈlK is said to be p-regular for A if the following conditions hold.
• rankOLφ,χAχ(K) = ords=1L(s, Aχ/K), and
• Let pχ|p be the prime ideal of OLφ,χ induced by the fixed embedding ιp, then
(a) X(Aχ) is finite with trivial pχ-part, and
(b) L(Aχ) has trivial pχ-part.
In particular, for a p-regular χ ∈ ĈlK , the pχ-part of the BSD conjecture holds for the Serre tensor
Aχ.
Our result regarding p-regular characters is the following.
Theorem 4.4. Let A be a non-CM GL2-type abelian variety over the rationals. Then, there exists an
explicit finite subset ΣA of primes only dependent on A, such that for any prime p /∈ ΣA and ǫ > 0 we
have
#
{
χ ∈ ĈlK
∣∣∣∣ χ is p-regular for A }≫ǫ (ln |DK |)1−ǫ.
Here K varies over imaginary quadratic fields satisfying
(i) p ∤ hK , and
(ii) either p splits in K or the root number ǫ(A,χ0) of the Rankin–Selberg convolution L(s, A, χ0)
equals +1 for some χ0 ∈ ĈlK .
Proof. Let S = supp(N∞) as before.
Let K0,S be a QS-subalgebra such that K0,∞ = C and K0,v/Fv is semi-simple quadratic. Let U0,S
be as in §2.1. Suppose that there exists a finite order character χ0,S : U0,S −→ Q
×
with conductor one
satisfying (LC1) in §2.1 such that
ǫ(π, χ0,v)χ0,vη0,v(−1) = ±1
for v ∈ S.
From now, let K ∈ ΘS (Definition 4.2). Let XK,χ0,S denote the set of finite order Hecke characters
over K satisfying the conditions (i) and (iii) in Definition 2.2. We have
XK,χ0,S = X
+
K,χ0,S
⋃
X−K,χ0,S .
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Here X+K,χ0,S (resp. X
−
K,χ0,S
) denotes the subset of Hecke characters χ over K such that ǫ(π, χ) = 1
(resp. ǫ(π, χ) = −1).
Note that
ΘS = Θ
+
S
⋃
Θ−S .
Here Θ+S (resp. Θ
−
S ) denotes the subset of imaginary quadratic fields K such that there exists χ ∈ X
+
K,χ0,S
(resp. X−K,χ0,S ) with χS = χ0,S for some χ0,S . The above union need not be disjoint.
Note that there are only finitely many choices for χ0,S . For any such χ0,S , we consider a quaternion
algebra B over Q with ram(B) ⊂ S such that
ǫ(π, χ0,v)χ0,vη0,v(−1) = ǫ(Bv)
for v ∈ S.
As K varies over imaginary quadratic extensions satisfying the hypotheses in the Theorem, there are
only finitely many choices for the characters χ0,S). So, it suffices to consider the case of a fixed character
χ0,S .
In the case of root number 1, the result thus follows from Lemma 4.1, Theorem 2.7, Proposition 2.12
and Proposition 2.15.
In the case of root number −1, the result thus follows from Lemma 4.1, Theorem 3.14, Proposition
3.16 and Proposition 3.18. 
Remark 4.5. In view of the proof, the set of exceptional primes ΣA arises from the ones in Proposition
2.12 (resp. Proposition 3.16) and Proposition 2.15 (resp. Proposition 3.18). Note that the set ΣA can
be larger than the set of exceptional primes for the p-minimality of X or analytic Sha when considered
individually.
Based on the proof, we have the following explicit version of p-minimality in individual cases.
Corollary 4.6. Let φ ∈ S2(Γ0(N)) be a non-CM newform with N square-free and Lφ the corresponding
Hecke field. Let p be a prime and pφ|p a prime of Lφ. Let A be an abelian variety corresponding to φ
such that OLφ ⊂ End(A). Suppose that the following holds.
(1) The Galois representation ρA,pφ has maximal image and
(2) p ∤ 6N · (
∏
ℓ cℓ) with cℓ the Tamagawa number at ℓ.
For any ǫ > 0, we have
#
{
χ ∈ ĈlK
∣∣ χ is p-regular for A }≫ǫ (ln |DK |)1−ǫ.
Here K varies over imaginary quadratic fields satisfying
(i) p ∤ hK
(ii) (N,DK) = 1,
(iii) N− has odd number of prime factors and ordℓ(N
−) = 1 for any prime ℓ|N . Here N = N+N−
where ℓ|N+ (resp. ℓ|N−) if and only if ℓ|N and split in K (resp. non-split in K).
(iv) p ∤ 6NDK and
(v) The residual representation ρA,pφ is ramified at ℓ|N
− with ℓ2 ≡ 1 mod p.
Proof. This follows from the proof of Theorem 4.4 along with Proposition 2.12 and Proposition 2.18. 
Corollary 4.7. Let φ ∈ S2(Γ0(N)) be a non-CM newform with N square-free and Lφ the corresponding
Hecke field. Let p be a prime and pφ|p a prime of Lφ. Let A be an abelian variety corresponding to φ
such that OLφ ⊂ End(A). Suppose that the following holds.
(1) The Galois representation ρA,pφ has maximal image,
(2) p ∤ 6N · (
∏
ℓ cℓ) with cℓ the Tamagawa number at ℓ and
(3) There exists a polarisation ϕ : A→ A∨ with p ∤ deg(ϕ).
For any ǫ > 0, we have
#
{
χ ∈ ĈlK
∣∣ χ is p-regular for A }≫ǫ (ln |DK |)1−ǫ.
Here K varies over imaginary quadratic fields satisfying
(i) p ∤ hK
(ii) p split in K and (N,DK) = 1,
(iii) N− is has even number of prime factors. Here N = N+N− where ℓ|N+ (resp. ℓ|N−) if and
only if ℓ|N and split in K (resp. non-split in K).
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(iv) p ∤ 6NDK and
(v) The residual representation ρA,pφ is ramified at ℓ|N
− with ℓ2 ≡ 1 mod p.
Proof. This follows from the proof of Theorem 4.4 along with Proposition 3.16 and Proposition 3.20. 
We end with results in the introduction.
Remark 4.8. (1). Theorem 1.1 and Theorem 1.4 follow from Theorem 4.4.
(2). Theorem 1.5 follows from Corollary 4.6 and Corollary 4.7.
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